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Abstract 
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and the C2-cofiniteness of the subalgebra are established. Our result 
contains the case of the vertex operator algebra associated with the 
Leech lattice. 
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1 Introduction 



Let V be a vertex operator algebra. For an automorphism g of V of finite 
order, the space V 9 = {v G V \ gv = v } of fixed points is a subalgebra of V 
called an orbifold of the vertex operator algebra V. It is conjectured in |Zj 
that every irreducible ^-module is contained in some irreducible untwisted 
or twisted ^-module. It is also conjectured that V 9 is rational if V is rational. 
These conjectures have important meanings in the theory of vertex operator 
algebras. However, it is difficult to investigate an orbifold in general, even if 
the original vertex operator algebra V is well understood. 

In the case where V is the lattice vertex operator algebra Vp associated 
with a positive definite even lattice T and the automorphism g is a canonical 
lift 9 of the —1 isometry a \— > —a of the lattice T, the orbifold V® = Vp~ has 
been studied extensively. In fact, the representation theory of Vjt~, that is, the 
classification of irreducible modules [3J EH] and the determination of fusion 
rules [HE], together with the C 2 -cofiniteness [2J E7| of V-^ are established. 

In this paper we study an orbifold of a certain class of lattice vertex 
operator algebras by an automorphism of order 3. We start with a lattice 
L = v^2 (^-lattice) and a fixed-point-free isometry T\ of L of order 3. There 
are 12 cosets of L in its dual lattice L L and L /L = Z 2 x Z 2 x Z 3 . Using an 
even Z 2 x Z2-code C of length I and a self-orthogonal Z3-code D of the same 
length, we construct a positive definite even lattice Lqxd of rank 2£ from 
the 12 cosets of L in L x . We also consider an action of T\ on Z 2 x Z 2 . The 
isometry t\ can be extended to a fixed-point-free isometry r of L Cx d provided 
that C is invariant under the corresponding extension r of T\ to (Z 2 x Z 2 ) £ . 
Our main concern is to classify the irreducible modules for the orbifold V[ 
of the lattice vertex operator algebra Vl CxD by an automorphism r of order 
3 which is a lift of the isometry r of Lqxd- Here we use the same symbol r 
to denote the lift of the isometry r. 

The vertex operator algebra Vl CxD is simple, rational, C 2 -cofinite, and 
of CFT type. As shown in Section 2.2, the dual lattice (L Cx d) ± of L Cx d 
is equal to L c ± xD ±, where C L (resp. D L ) is the dual code of C (resp. D). 
Then V L(A+C)x(7+D) , A + C G C ± /C, 7 + D G D ± /D form a complete set of 
representatives of equivalence classes of irreducible Vl Cxd -modules (cf. |8J). 
Such a Vl (a+C)x(7+0) is r-stable if and only if A G C. In addition to those 
irreducible Vj, CxD -modules, one can construct irreducible r*-twisted Vl CxD - 
modules (V), 77 G D 1 - (mod D) for i = 1, 2 by the method of H2ESI. 
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The orbifold V[ is a simple vertex operator algebra. The following is 
a list of known irreducible V^" c o -modules. Let ( 3 = exp(27rv^— 1). 

(!) ^cx (7+D) ( £ ) = i u e Vi Cx(7+D) | ™ = C!«}, 7 + e L>VA £ G Zg. 

(2) Vi (A+C)x(7+I3) , O^A+CG (CVC) St , 1+D G wh ere (C^/C) St 
is the set of r-orbits in C ± /C. 

( 3 ) V&lntfM = i u ^ V Lcl D ^)\^ u = CM, V e D± (mod D), e G 
Z 3 , i = 1,2. 

These irreducible V£ D -modules are inequivalent each other (cf. [2U| l34j ) . 
The above mentioned conjecture says that any irreducible V£ ^-module is 
isomorphic to one of these. 

In our argument we deal with not only simple current extension (cf. |13| ) 
but also certain nonsimple current extension. Simple current extension is 
rather easy, whereas nonsimple current extension is complicated and difficult 
to study. In order to avoid the difficulty, we restrict ourselves to the special 
case where C is a r-invariant self-dual Z2 x Z2-code with minimum weight at 
least 4 and D is a self-dual Z 3 -code. In this case the lattice Lqxd is unimod- 
ular and there is a unique irreducible Vz, CxD -module, namely, Vl CxD itself. 
Likewise, there is a unique irreducible r*-twisted Vi, CxD -module d (t 1 ), 
i = 1,2, where is the zero codeword. Under this hypothesis we have the 
following theorem (see Theorem 17. 101 below) . 

Theorem. Suppose C is a r-invariant self-dual Z2 x 7L2-code with minimum 
weight at least 4 and D is a self-dual Z 3 -code. Then the vertex operator al- 
gebra V[ CxD is simple, rational, C^-cofinite, and of CFT type. Moreover, ev- 
ery irreducible V[ c>(D -module is isomorphic to one ofVL CxD {e), (r*)[e], 
£ G Z 3; % = 1,2. 

One of the most important examples of orbifold is the fixed point subalge- 
bra Vjl of the Leech lattice vertex operator algebra V\ by the automorphism 
9 of order 2. This orbifold was first studied by I. Frenkel, J. Lepowsky and 
A. Meurman, and in fact it was used for the construction of the moonshine 
vertex operator algebra V* (cf. [22! )■ We note that the Leech lattice A can 
be expressed as Lqxd for some C and D which satisfy the hypothesis of the 
theorem. 

A remarkable property of is that its automorphism group Aut V* is 
isomorphic to the Monster M. The construction of in [22] is based on 
an element of order 2 in M, namely, a 25-element. In |22[ Introduction], 
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it is suggested that an analogous construction may be possible for some 
appropriate elements in M of order 3, 5, 7, and 13, that is, elements of 
prime order p such that (p — 1)|24. The classification of irreducible modules, 
the determination of fusion rules, and the rationality for the orbifold V[ by 
such an element g in M should play an important role in those expected 
construction. This is the motivation for the present work. 

The organization of the paper is as follows. Section 2 is devoted to the 
preliminaries. In Section 2.1 we collect basic terminology for later use. In 
Section 2.2 we introduce the lattice Lcxd and study its properties. Actually, 
we construct Lqxd in an orthogonal sum (L x )® e of £ copies of L x . We also 
introduce a central extension L Cx d of L Cx d by a group (/C24) of order 24 
and discuss an action of a lift of the isometry r of the lattice Lq x d- For the 
definition of vertex operators for irreducible modules of the vertex operator 
algebra associated with the lattice L, we should consider a central extension 
of L 1 - by a group whose order is a multiple of 12. In our case we need to define 
a lift of the isometry T\ of L and choose a section so that it is relevant to the 
lift. For this purpose we consider a central extension L 1 - of L 1 - by (^24) and 
fix a 2-cocycle which is suitable for the lift of T\. The central extension Lcxd 
is defined as a subgroup of a quotient group of a direct product of t copies 
of L- 1 . The isometry r of Lcxd, which is an extension of T\, can be lifted to 
an automorphism of L Cx d- In Section 2.3 the vertex operator algebra Vj jCxd 

is defined by using L- 1 . The automorphism r of Lqxd naturally induce an 
automorphism of Vl CxD of order 3, which is again denoted by r. 

In Section 3 we discuss in detail the irreducible r*-twisted V^ CxJ3 -modules 
D {r l ), i — 1,2, which are obtained by the method of (T21I2E]- We describe 
those irreducible r*-twisted Vl CxD -modules as modules for (VI 1 )® 1 . The clas- 
sification of irreducible modules for the orbifold V^ 1 was accomplished in ■ 
Our argument here is based on the result. In jHHEE], a central extension of 
L by a group (k 6 ) of order 6 was used. We note that Vl in the notation of 
[TUJIIin] can be embedded naturally into our V L ®i C Vl CxD . Thus the results 
of [TUlEn] are applicable. 

In Section 4 we determine certain fusion rules for V^ 1 , which will be nec- 
essary in Section 5. In fact, these fusion rules are crucial for our arguments. 

The proof of the main theorem is divided into three steps. In Section 5 
we begin with the classification of irreducible modules for the orbifold 
of V l <bi by the automorphism r. This is the case where both of C and D 
are the zero code. The rationality and the C*2-cofiniteness of V£ 9i are also 
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obtained. Moreover, some of the fusion rules are computed. 

Next, in Section 6 we classify the irreducible modules for V[ Q (Theorem 
6.2 below), which is the case where C is the zero code {0}. In this case only 
simple current extension is involved and the argument is relatively straight- 
forward. The argument here is similar to that in Section 5. The rationality 
and the Co-cofmiteness of VJ , together with some of the fusion rules are 
also obtained. 

Section 7 consists of two subsections. In Section 7.1 we use Zhu's theory 
to study the irreducible V^-modules contained in a V^" -module, where 
C(n) is the Z 2 x Z 2 -code generated by \i and r(fi). The vertex operator 
algebra V£ is a special case of V[ CxD with C = C(fi) and D = {0}. The 
results obtained here will be necessary in Section 7.2. We do not discuss the 
classification of irreducible modules nor the rationality for the vertex operator 
algebra VJ . Note that VJ is a nonsimple current extension of VJ me . 

In Section 7.2 we study the orbifold V[ a D and prove the main theorem 
under the hypothesis that C is a r-invariant self-dual Z 2 x Z 2 -code with 
minimum weight at least 4 and D is a self-dual Z3-code. We first show that 
any N-graded weak V7 -module contains one of the irreducible VJ 

modules Vl 0/D (e), d (t % ) [e], e G Z 3 , i = 1,2. This fact enables us to 
classify the irreducible V^^-modules and establish the rationality of V[ CxD . 
Our argument for the proof of the main theorem fails if the minimum weight 
of C is 2 (see Remark 7.2 below). The case Lqxd — E's-lattice is such an 
example. 

We should make a few remarks on the simplicity and the CFT type prop- 
erty. Most of the vertex operator algebras discussed in this paper are clearly 
simple and of CFT type. In such a case we omit the proof of these properties. 

2 Preliminaries 

Throughout this paper, ( n = exp(27rv^— T/n) is a primitive n-th root of unity 
for a positive integer n. For simplicity, 0, 1 and 2 are sometimes understood 
to be elements of Z3. 

2.1 Basic terminology 

We recall some notation for untwisted or twisted modules for a vertex op- 
erator algebra (V, Y, l,ou). A basic reference to twisted modules is [Tl]. For 
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untwisted modules, see also [2H]- Let g be an automorphism of V of finite 
order T. Set V r = {v G V | gv = CM; so that V = ® r ez/rzV r . 

Definition 2.1. A weak g-twisted V-module M is a vector space equipped 
with a linear map 

Y M { ■ ,x) : v G V ^ Y M (v,x) = ^v^'" 1 ' 1 G (EndM){x} 
which satisfies the following conditions. 

(1) Y M (v,x) = Ener/T+Z ^ :r ~ n " 1 for V G ^ 

(2) v n w = if n ^> 0, where t> G V and to G M. 

(3) Y M (l,x)=id M . 

(4) For w G V and f G V, the g-twisted Jacobi identity holds. 

x x 5 (— — — )y M (w, Xi)>mO, ^2) - a^o 15 (— — —)Y M {v, x 2 )Y m (u, x x ) 

Xq —Xq 
/Xi — £ \ -r/T xf Xi — Xq, 

= x 2 ( j b{ )Ym{Y(u,xq)v,x 2 ). 

x 2 x 2 

(2.1) 

For subsets A, B of V and a subset X of a weak ^-twisted ^-module M, 
set A ■ B = span c {u„f \uEA,vEB,nEZ} and A ■ X = span c {u„,w | u G 
A, w G X, n G (1/T)Z}. Then it follows that (A ■ B) ■ X = A ■ (B ■ X) by [321 
Lemma 3.12] and Lemmas 2.5 and 2.6]. 

Let N be the set of nonnegative integers. 

Definition 2.2. A ^N-graded weak g-twisted V^-module M is a weak g- 
twisted V^-module with a ^N-grading M = © ng ^. N M(n) such that 

B ra M(n)cJlf(n + wt(«)-m-l) (2.2) 

for any homogeneous vectors v G V. 

A ^N- graded weak g- twisted ^-module here is called an admissible g- 
twisted V- module in ^3]. Without loss we can shift the grading of a ^N- 
graded weak ^-twisted V-module M so that M(0) ^ if M ^ 0. We call 
such an M(0) the top level of M. 

Definition 2.3. A g-twisted V^-module M is a weak g-twisted ^-module with 
a C-grading M = ©agc^a, where M\ = {w G M \ uiiu = Xw}. Moreover, 
each M\ is a finite dimensional space and for any fixed A, M\ +n /T = for all 
sufficiently small integers n. 
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A c/-twisted ^-module is sometimes called an ordinary g-twisted V^-module. 
Any g-twisted V^-module is a ^N-graded weak g-twisted V^-module (cf. [14, 
Lemma 3.4]). 

Definition 2.4. A vertex operator algebra V is said to be ^-rational if every 
^N-graded weak g- twisted V- module is a direct sum of irreducible ^N- graded 
weak g-twisted ^-modules. 

In the case where g = 1, we omit the term "g-twisted" in the above defi- 
nitions. For instance, a 1-twisted weak ^-module is simply called a weak V- 
module. A vertex operator algebra V is said to be rational if every N-graded 
weak ^-module is a direct sum of irreducible N-graded weak ^-modules. 

There is an important intrinsic property of a vertex operator algebra, 
namely, the C2-cofiniteness. Let Cz(V) = span c {-u_ 2 t> | u, v G V}. More 
generally, we set C 2 (M) = span c {-u_ 2 u? I u £ V, w G M} for a weak V- 
module M. If the dimension of the quotient space V/Cz(V) is finite, V is 
said to be C^-cofinite. Similarly, a weak V- module M is said to be C2-cofinite 
if M/C2{M) is of finite dimension. The notion of CVcofiniteness of a vertex 
operator algebra was first introduced by Zhu [SB]- The subspace C^M) of a 
weak ^-module M was studied in Li [3*T] . 

If V has no proper submodules, then V is said to be simple. If V — 
®™ =0 V n and V = CI, then V is said to be of CFT type. Here V n = {u G 
V | U\u = nu) is the homogeneous subspace of weight n. 

Theorem 2.5. 2, Proposition 5.6 and Corollary 5.7] Suppose V is C 2 - 
cofinite and of CFT type. Then the following assertions hold. 

(1) Every weak V -module is an N-graded weak V -module. 

(2) Every irreducible weak V -module is an irreducible ordinary V -module. 

Theorem 12.51 says that for a vertex operator algebra which is CVcofinite 
and of CFT type, the classification of irreducible ^-modules means the clas- 
sification of irreducible weak V^-modules. 

For h G AutV^ and a weak (resp. |sN- graded weak) g-twisted V- module 
(M, Ym), we define a weak (resp. ^N-graded weak) h~ x gh- twisted V'-module 
(M o h,YMoh) by M o h = M as vector spaces and Yjsioh{ u i x ) — Y(hu,x). 
Note that if M is irreducible, so is M o h. 

Let G be an automorphism group of V and V G the vertex operator sub- 
algebra of G-invariants of V. Note that for a K-module M and h G G, 
M o h = M as \^ G -modules. A set S of irreducible ^-modules is said to 
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be G-stable if for any M G S and h G G there exists W G S such that 
Moh = W. An irreducible V-module M is said to be G-stable if M o # = M 
for all g £ G. It is shown in [T7J Theorem 4.4] that if 1/ is simple and G is 
of finite order, then V G is simple. 

We recall the definition of intertwining operators for V'-modules which 
was introduced in |21| . 

Definition 2.6. Let M l , i — 1, 2, 3 be ^-modules. An intertwining operator 
of type (jjf M -i) is a linear map 

I(-,x): M 1 -> Hom c (M 2 ,M 3 ){x}, 

which satisfies the following conditions: Let u G V, v G M , and u> G M 2 . 

(1) For any fixed 7 G C, t> 7 +nU> = for nfZ sufficiently large. 

(2) /(u^z) = -j-I{v,x). 

(3) The Jacobi identity holds: 

Xq 1 8(— — — )Y M s(u, Xi)I(v, x 2 )w - x Q 1 5( X2 + Xl )I(v, x 2 )Y M 2 (u, xi)w 
x x 

= x 2 l 5( )I(Y M i(u,xo)v,x 2 )w. 

x 2 

The set Iy { M i l3 M 2j of all intertwining operators of type (j^i^La) is a vector 
space. Its dimension is called the fusion rule of type ( M i^ M2 ) • 

We denote by M. the set of all irreducible ^/-modules up to isomorphism. 
Let ZM be a free Z- module with basis M. For M l ,M 2 G yW, we use a 
notation 

M^xM 2 = £ d ™dv( MlM2 )M 3 EZM 

M 3 eM ^ ' 

to represent the fusion rules. Note that M 1 x M 2 = M 2 x M 1 by [2"T1 
Proposition 5.4.7]. We write ^MeM > Z^A/ex t a/M when S M > T M 

for all M eM. 

Define two binary operations 

Ef wttA *^ / wtw\ 

I . JUi-iV, UOV = 2_^[ . JUi- 2 V. 
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for u,v G V with u being homogeneous and extend * and o for arbitrary 
u G V by linearity. Let 0(V) be the subspace of V spanned by all u o v for 
u, v G V. It is a two sided ideal with respect to the operation *. Thus * 
induces an operation in A(V) = V/0(V). It is shown in [SHI Theorem 2.1.1] 
that (A(V), *) is an associative algebra. We call A(V) the Zhu algebra for V. 

Theorem 2.7. jSHl Theorem 2.1.2] Let M = ©£° =0 M(n) be an N-graded 
weak V -module. Define o(u) = u(wt(u) — 1) for homogeneous u G V and 
extend o(u) for arbitrary u G V by linearity. Then o(u) acts on the top level 
M(0) of M . Moreover, o(u * v)\ M (o) = o(u)\m(o)o{v)\m(o) for u,v G V and 
°( v )\m(o) = if v E 0(V). That is, M(0) is an A(V)-module. 

2.2 Lattice Lqxd 

We follow the notation in jTOJ |2U 123 EE]- Let L be a/2 times an ordinary 
root lattice of type A 2 and let /?i,/3 2 be a Z-basis of L such that (/?i,/3i) = 
(02, P2) = 4 and (/3%, /3 2 ) = —2. Set /3 = — Pi Let T\ be an isometry of L 
induced by the permutation /3i 1 — >■ /? 2 1 — ^ /? 1 — Then T\ is fixed-point-free 
and of order 3. We remark that T\ is denoted by r in [36] . 

There are 12 cosets of L in its dual lattice i 1 = {a G Q<&%L \ (a, L) C Z}. 
These 12 cosets are parametrized by Z 2 x Z 2 and Z 3 . Let (L-*-)® 1 be an 
orthogonal sum of I copies of L L . We shall construct a lattice Lq^d m 
(L )® from those 12 cosets of L by using a Z 2 x Z 2 -code C and a Z3-code 
D. Before it, we introduce a certain isometry group of {L^-)® 1 . 

First, 7~i can be extended to an isometry of L x . Let He be a direct product 
of £ copies of the group (ti) generated by ri. Each element g = (g\, ■ ■ ■ ,ge) 
of Hi transforms a = a\ + • • • + G (L^)®^ as g(a) = gi(ai) + • • • + ^(a^), 
where g s G (ri) and a s is the s-th component of a. Let r = (n, . . . , T\) G Hg. 
Our main concern is the fixed point subalgebra of a certain lattice vertex 
operator algebra by a lift of r. A symmetric group Sg of degree i acts on 
(L -1 )® by permuting the components. Let be an isometry group of (L L )® 1 
generated by Hg and Sg, which is a semidirect product Hg x Sg of ^ by Sg. 

Now, we discuss a Z 2 x Z 2 -code and a Z 3 -code. A Z 2 x Z 2 -code of length £ 
means an additive subgroup of /C £ , where fC = {0, a, b, c} = Z 2 x Z 2 is Klein's 
four-group. We call it a /C-code also. For x, y G /C, define 



X o y = 




iix = y ^0, 
iix^y,x^0,y^0, 
if a; = or y = 0, 
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jl if x ^ y,x i- 0,y ^ 0, 
x ■ y = < 

I otherwise. 

Note that 2(xoy) = x-y (mod 2Z). For A = (Ai, . . . (J, = (fix, . . . , fie) G 
K e , let (A, /i)ac = 5^ i=1 Aj • /ij G Z 2 . The orthogonal form (A, //) h- > (A, /i)^ on 
K was used in j2H EZj- For a /C-code C of length £, we define its dual code 
by 

C ± = {\elC e \ (A, n) K = for all fi G C}. 

A /C-code C is said to be self-orthogonal if C C C -1 and self-dual if 
C = C x . For A = (Ai, . . . , A^) G /C £ , its support is defined to be supp^(A) = 
{i | Aj 7^ 0}. The cardinality of supp^(A) is called the weight of A. We denote 
the weight of A by wt/c(A). A /C-code C is said to be even if wt^(A) is even 
for every A G C. 

We consider an action of T\ on /C such that Ti(0) = 0, T\{a) = b, T\(b) = c, 
and 7~i(c) = a. Moreover, we consider a componentwise action of He on £ , 
so that r acts on /C £ by r(Ai, . . . , A^) = (ri(Ai), . . . , n(Af)). Since acts on 
K by permuting the components, Ge acts on /C £ naturally We denote by 

)= T the set of all r-orbits in /C . For simplicity of notation, we sometimes 
denote a r-orbit in /C^ by its representative A G /C £ . Note that Ge also acts 
on (JC i )= T since r is an element of the center of Gg. 

For \i G fC , C{jj) denotes the /C-code generated by \i and r(/i). Note 
that C(fi) is r-invariant since fi + r(/x) + T 2 (fi) = 0, where = (0, . . . , 0). 
This notation will be used in Sections 4, 5, and 7. 

Lemma 2.8. (23 Lemma 2.8] Let C be a JC-code of length £. 

(1) If C is even, then C is self- orthogonal. 

(2) If C is t -invariant, then C is even if and only if C is self-orthogonal. 

Proof. Suppose C is even. Let A = (Ai, . . . , A^), \i = (/ii, . . . , (it) G C and 
set S\ = supp^A), Sfj, = supp AC (/i). We also set / = {i G S x PI | Aj ^ fii\. 
Then Aj - Hi is 1 if % G I and if % ^ I. Hence (A, /i)^ = |/| + 2Z. Now 

+ \Sfj,\ — 2|5*a n Sfj,] + \S\ — Sfj] + \S^ — S\\, 

s x+ , = iu(s x -s,)u(s^-s x ). 

Since \S\\, \S^\, and |Sa+^| are all even, |/| is also even. Thus (A, fM)jc = 
and (1) holds. Next, suppose C is r-invariant and self-orthogonal. For A = 
(Ai, . . . , Xe) G C, we have Aj ■ r(A») = 1 or according as i G S\ or not. 
Hence (A, t(X)) k = \S X \ + 2Z. Since r(A) G C and (A,r(A)) c = by our 
hypothesis, \S X \ is even. Thus (2) holds. □ 
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Remark 2.9. A self-orthogonal /C-code is not necessarily even. For instance, 
the /C-code C = {(0, 0, . . . , 0), (a, 0, . . . , 0)} is self-orthogonal but it is not 
even. 

A Z 3 -code of length £ is a subspace of the vector space Z e 3 . For 7 = 
(71, . . . , je), 5 = (5i, . . . ,5e) G Z 3 , we consider the ordinary inner product 
(7, 5)z 3 = Yli=i li^i G Z 3 . The dual code D 1 - of a Z 3 -code D is defined to be 

D ± = { 1 e Z e 3 I (7, 5) Za = for all 6 G D}. 

Then D is said to be self-orthogonal if D C D 1 - and self-dual if D = D . 

We define the support and the weight of 7 = (71, . . . , 7^) G Z| in the same 
way as before. Thus supp Zg (7) = {i | 7$ 7^ 0} and wtz 3 (j) is the cardinality of 
supp Za (7). Note that wt Zs (7) = (7,7) (mod 3Z). For 7 e Z|, .0(7) denotes 
the Z 3 -code generated by 7. This notation will be used in Sections 4 and 5. 

We shall use the following lemma later. 

Lemma 2.10. Let D be a self- orthogonal "L^-code of length I. Then wtz 3 (o~ — 
7) = wtz 3 (<5) (mod 3Z) for any 7 G D and 5 G D ± . 

Proof. By the hypothesis we have (7,7)23 = and (5, j)z 3 = 0. Hence 
(5 — 7, 5 — 7)^3 = (5, 5)z 3 and the assertion holds. □ 

We consider the trivial action of T\ on Z 3 , that is, T\(j) = j for j 6 
Z 3 . Then if^ acts trivially on Z|. Since acts on Z 3 by permuting the 
components, G*£ acts on Z 3 naturally. We have defined the action of the 
group Gi on three different sets, namely, (L 1 -)® 1 \ K, , and Z 3 . These three 
actions are necessary for later arguments. 

We use the same notation as in jTUl EH 123 EH| to denote the 12 cosets 
L^ x,l \ x G /C, z G Z 3 of L in its dual lattice L^. For each x G /C we assign 
G L x by /3(0) = 0, /5(a) = (3 2 /2, /3(b) = fo/2, and /3(c) = f3 1 /2. Then 

= {(3(x) + (-- + mi)/3i + (- + m 2 )(3 2 \ m u m 2 G Z}. 

For A = (Ai, . . . ,\i) e K e and 7 = (71, . . . G Zf , let 
L (Ai7) = © • • • © L (Ai ' 7 ^ C (L x ) ffi '. 
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Moreover, for /x G K 5 G Z|, P C /C^, and Q C Z|, set 

£/*xQ = [J ^(/i,7)) ^Pxi = [J ^(A,5), -^PxQ = [J ^(A, 7 )- 
7£Q AeP AeP,7£Q 

For a /C-code C of length £ and a Z 3 -code D of the same length, Lcxd is 
an additive subgroup of (L x )® i . However, L Cx d is not an integral lattice in 
general. In the case where C = K, and D = Z|, Lqxd coincides with (L- 1 -)® 1 . 
If C = {0} and D = {0}, then L {0}x{0} = L {0 , ) = L® e , where = (0, . . . , 0). 

Denote by fi\ the element /3< G L in the s-th entry of (L- 1 )®^. Similarly, 
we denote /3(x) G L L in the s-th entry by fi(xp s '. Then any element a G 
L( A;7 ) with A = (Ai, . . . , Xi) G JC and 7 = (71, . . . , 7^) G Z3 can be written in 
the form 

« = E + (-y + "S'W + (7 + 4* > )^ ) ) ( 2 - 3 ) 

s=l 

for some rrif , 777.3 G Z. 

Let (3 G £(^5) with fi = . . . , //^) G /C £ and 5 = (5\, . . . , 8g) G Z3 be 

= E + (-§ + n ?W + (| + 4 S W) (2-4) 

for n{ , G Z. In order to describe the inner product (a, (3) in (L- 1 -)®^, we 
denote the elements of /C = {0, a, 6, c} = Z 2 x Z 2 by 

0<-(0,0), a<-(0,l), 6<-(l,l), c<-(l,0) (2.5) 

and let A s = (A S) i, A S)2 ), fi s = (fi 8> i, fi s ,2) € /C in this notation. Thus A Sji , fi Sii G 
{0, 1}. We have 

(a, 0) = E (A, o /i s + - 7 A + A S)1 (5 S + n 2 s) ) + A S , 2 (5 S + n[ s) ) 

s=l 

+ A*»,i(7a + m 2°) + A*s,2(7s + ^S s) )) (mod 2Z). 

(2.6) 

The inner product modulo Z is (cf. the proof of |2*H Theorem 5.7]) 

(a, /?) = E (2 A « • A*. + g7Aj (mod Z). (2.7) 
12 



Let (L CxD ) ± = {a G (Q ®i L)® e \ (a, L CxD ) C Z} be the dual lattice of 
LcxD for a /C-code C and a Z 3 -code D of length 

Lemma 2.11. (L C xd) l = L c ± xD ±. 

Proof. Since L Cx d 3 (icxfl) 1 lies in (L -1 )^ Hence the assertion follows 
from (j2Z3)- □ 

By the above lemma, we see that Lqxd is an integral lattice if and only 
if both of C and D are self-orthogonal. The first assertion of the next lemma 
follows from (|2.6|) . The second assertion is a special case of the above lemma 
(cf. [24, Theorems 5.6, 5.7]). 

Lemma 2.12. (1) If C is even and D is self- orthogonal, then L CxD is an 
even lattice. 

(2) If C and D are self-dual, then Lqxd is a unimodular lattice. 

Suppose C is a r-invariant even /C-code of length I and D is a self- 
orthogonal Z 3 -code of the same length. Then Lqxd is a positive definite 
even lattice by Lemma 12.121 The isometry n of L L permutes the cosets 
L&d, x G /C, i G Z 3 of L in L 1 by n(L^) = £fa (*)>*). Thus r induces an 
isometry of LcxD, for we are assuming that C is r-invariant. Note that r 
is fixed-point-free on L Cx d- We also have g(L Cx D) = L g ^ C )x g (D) for g G G^. 
We remark that the action ti(L( x ' 1 ') = L^ 1 ^'' 1 ' of 7~i on L^/L is compatible 
with the action of 7~i on /C and Z 3 . This justify our definition of the action 
of T\ on /C and Z 3 . 

For any positive integer n, let (K n ) be a cyclic group of order n with 
generator /t n . We assume that if m is a divisor of n. We shall 

construct a central extension Lqxd of Lcxd by («24) which will be used to 
define a vertex operator algebra Vl CxD in Section 2.3. We realize it as a 
subgroup of a central extension of {L^)® 1 by (^24). 

Take a Z-basis & = /?i/2,/3 2 = (ft - #j)/6 of lA Note that {2^,6^} 
is a Z-basis of L. We have (A, A) = 1, 2 , (3 2 ) = 1/3, and lt p 2 ) = V 2 - 
We also have T\((3\) = (3\ — 3/?2 and T\((3 2 ) — Pi ~ 2/? 2 . Define a Z-bilinear 
form ei : L 1 x L x -> Z/24Z by 

e 1 (m 1 (3 1 + m 2 (3 2 , + ^2/^2) = -6m 2 ^i + 24Z. (2.8) 

Then e 1 1 J 1 ) = e 1 {p 2 J 2 ) = 0, e^Pufo) = 0, and e^Pi) = -6 + 24Z. 
Since E\ is Z-bilinear, it is a 2-cocycle. We also define a Z-bilinear form 
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c : L x x L x -> Z/24Z by 

c (a,/3) = £i (a, /3) - £1 (/?,a), (2.9) 

which is in fact an alternating form. 

Define a multiplication on the set L 1 - = (K24) x {a | a 6 L^} by 

We simply write K^e" for (/c^, a) G L ± . In particular, ^4 = («f 4 , 0) and 
e a = (1, a). The product of e a and e^ 3 in L- 1 is 

eV = K E ^ a ' P) e a+p . (2.10) 



Define : L 1 - — > L by K24 ea = a - Then 

1 -> («24) -> ^ ^ ^ -> 1 

is a central extension of L by (^24) with associated commutator map Co (cf. 
[22 Sections 5.1 and 5.2], 29, Section 6.4]). 

Define an automorphism of the group L 1 - of order 3 by 

K 2 4 l-> ^24, 

99 - - (2 11) 

a m 1 /3i+m 2 f32 ,_. 3mf+2m^+6miTn 2 -2mi n ( m ^ 1+m2/ g 2 ) V • / 

Indeed, we can easily verify that the map is in fact an automorphism of the 
group L x of order 3 by (J2.8)) and ()2.1())1 . By abuse of notation, we denote it 
by 7~i also. 

We note that U ieZs L^ = Z2(3 1 + Z2(3 2 . Hence ei(a,/3) = for a, (3 e 
UieZjLf '*), and so 

e « e /3 = e a+/3 (2.12) 

for a, P E U i&3 L^ by (J2~HIJ). Similarly, we can verify that 

n(e^) = e Tl(/3) (2.13) 
for (3 e U ie z 3 Z< ((M) . We also note that 

ri ( e ni/3i+n 2 /?2) = /t l 2ri ?+ 12 ™i- 48 ™i ri 2-4rM-4n 2eT1 ( ni/3l+)l2/ 3 2 ) 
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for m/?i + n 2 ^2 e L. 

Since (fii, (3\) = 1, — 1/3, and (fli, $ 2 ) = 1/2, we may take an 

integer s of |2"§1 Remark 6.4.12] to be any multiple of 12. Here we choose 
s = 24 so that an automorphism of L- 1 , which is a lift of the isometry T\ of 
L x , satisfies fj2~T3j) . 

Let (-^ ± )^ be a direct product of £ copies of L 1 - and let T be a subgroup 
in the center of {L^Y generated by /^(k^) -1 1 1 — r i s — ^ where k$ 
denotes k 2 4 G L x in the s-th entry of {L^Y- We consider £ = (L^Y/T. 
For simplicity of notation, we write e° lH Vai for (e ai , . . . , e at )T and for 
(k^) p T in £. Then any element of £ can be expressed uniquely in the form 
K2 4 e a with p G Z/24Z and a G (L )® . We extend the Z-bilinear form 
£i( • , • ) on L 1 x L x to (L ± ) e ^ x (L ± )®^ naturally. Thus 

£l (a,/?) = ^ £l (aW,^) (2.14) 

s=l 

for a = /? = ELi^ (s) e (L L T l i wh ere a< 8 > and /?« are in the 

s-th entry of (L- 1 )® 1 . Then (|2.10j) implies that 

e V = K M (a>/ V +/3 (2.15) 

in £. For K p u e a G £, let ^ 4 e Q = a G (L 1 )®'. 

We define an alternating Z- bilinear form c : (L^)® £ x (L- 1 )® 1 — > Z/24Z 

by 

Co(q;,/3) = ei(a,(3) -£x((5,a). (2.16) 

Then 

1 - (km) - £ ^ (L x r - 1 

is a central extension of (L )® by (K24) with associated commutator map 

c (-,-)- _ 

By the action of t\ on L 1 - (cf. f)2.11|l ). acts on the group £ naturally. 
In particular, r = (ti, . . . ,T\) acts on £ as a group automorphism of order 3. 
For g G Gg and a G £, we have (7(a) = (7(a). 

Denote by /5j the element /3j G L -1 in the s-th entry of (L^-)® 1 . For 
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we have 

1 e 

(a, (3) + 2(a,r(P)) = g - m^rtf). 

s=l 

Moreover, we also have 

i 

co(a, (5) = 6 Y,( m i )n 2 ] - ^ 2 S) «S S) ) + 24Z. 

s=l 

Hence, c (a,/?) = I2(a,f3) + 24(a,r(/3)) + 24Z for any a, j3 6 (L x )® £ . In 
particular, 

CD(a,|8) _ (a,/3> 
^24 ~~ ^2 

if both of (a, /3) and (a, r(/3)) are integers. This is the case for a, /3 G Lcxd, 
since Lcxd is a r- invariant integral lattice. 
Now, set LcxD = {a G £ |a G Lcxd}- Then 

1 -> («24> -> icxo ^ icxc -> 1 (2.17) 

is a central extension of Lq x d by (^24) with associated commutator map Cq. 
As mentioned above, ab = k£ ba for a, b G Lcxd- Note that r induces an 
automorphism of Lq x d of order 3. 

Let G AutLcxD be a distinguished lift of the isometry —1 of Lcxd 
defined by (cf. [22, (10.3.12)]) 

6 : L CxD - L CxD ; a h- a- 1 *?'^ 2 . (2.18) 

Then 6 12 = 1, 0(a) = —a for a G Lcxd, and #(^24) = K24. Note that 9r = t9 
by ()2.18j) since ( ■ , ■ ) is r- invariant. 

Thus we have obtained the following lemma. 

Lemma 2.13. Lqxd is a central extension of Lcxd by (/C24) with commuta- 
tion relation 

ab = K^'^ba, a, b G Lcxd- (2.19) 

Moreover, r and 9 are automorphisms of Lcxd such that r 3 = 9 2 = 1, 
t(«24) — 0(^24) = ^24? T { a ) — r {a), @{ a ) — —a- f or a G LcxD, and 9r = t9. 

The sublattice L 0x d of 

LcxD has nice properties. For a, (3 G L 0x d, 
we have e'V = e a+/3 by pT2jl and r(e a ) = e r(a) by pT3|) . Furthermore, 
#(e Q ) = e" a by (jSHEj) , since (a, a) G 4Z for a G L 0xD . 
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Now, set C{(L ± )® £ } = C[£]/(K24 - Cm)C[£], which is a twisted group 
algebra of (L )® . By abuse of notation, we denote the image of e a G £ in 
C{(L ± )® £ } by the same symbol e a for a G (L )® . The automorphisms r 
and 6 1 also induce automorphisms of C{(L ± )®^}. We use the same symbols 
r and to denote those automorphisms. 

Set C{L CxD } = © Qe L CxD Ce a C C{(L X )® 1 }. The following lemma is a 
direct consequence of Lemma 12.131 

Lemma 2.14. C{Lc x d} is a twisted group algebra of Lqxd such that 

eV 3 = (-l)< Q >/Ve Q , a,/3e L CxD . 

Moreover, r and 6 are automorphisms of C{Lcxd} such that r 3 = 6 2 = 1 
and 9t = t9. 

2.3 Vertex operator algebra associated with LcxD 

First, we recall the standard notation for the vertex operator algebra (Vr, Y( - ,x 
associated with a positive definite even lattice T and its irreducible modules 
(cf.j22 I2H])- Consider f) = C ®% T to be an abelian Lie algebra and let 
j) = f) ® C[t,t _1 ] © Cc be the corresponding affine Lie algebra. Let M(l) be 
a unique irreducible highest weight l)-module with highest weight vector 1 
such that (a ® t n ) ■ 1 = for all a G f), n > and c ■ 1 = 1. We write a(n) 
for the action of a © t n on M(l). 

For the dual lattice T 1 - of T, let Cjr- 1 } = Q) a er ±( £e a be a twisted group 
algebra of T 1 - with basis e a , a G T 1 - such that 

e V=(-l)W> e V, a, /3 G T. 

For a subset P of T ± , let C{P} = span c {e° | a G P} and Vp = M(l) ® 
C{P}. For each t> G Vr, a vertex operator F(t>,x) = Xlnez ^n 2 - ™ 1 e 
(EndVri)[[x, x -1 ]] is defined. It is known that Vr is a simple, rational, CV 
cofinite, and CFT type vertex operator algebra and Vt-l is a Vr-module. 
Moreover, V\ + r is an irreducible Vr-submodule of V r ± for any A 6 T 1 . 

Now, we return to our lattice L Cx d constructed in Section 2.2. Let C be 
a r-invariant even /C-code of length I and D be a self-orthogonal Z3-code of 
the same length. Thus the lattice LcxD is a r-invariant positive definite even 
lattice. We use the twisted group algebra C{Lcxd} in Lemma 12.141 Note 
that 

C{L^} c C{L CxD } C C{(L C x D ) L } C C{(^)®^}. 
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Throughout this paper, we identify V L ®t with V® and V(^±\@t with V?l . 
Recall the action of the group Gg on three different sets, namely, (L ) , /C , 
and Z| discussed in Section 2.2. For g G G*£, define a linear isomorphism on 

V(i±)©< by 

a^-ni) • ■■a k (-n k )e 13 i-> (^(-ni) • • • (ga h )(-n k )g(e p ). 
For simplicity of notation, we denote it by g also. Then 

ffOfaoxi^O^M = Y (L g{C)xg{D) A9u,x)gv 
for it G V LcxD and « G ^(L CxD )i- Hence g : 1/ LcxD ^ V L 

(O)Xg(D) 1S aI1 1SOm ° r " 

phism of vertex operator algebras. If C and Z) are invariant under g, then g 
induces an automorphism of the vertex operator algebra Vl CxD . In particu- 
lar, r is an automorphism of Vl CxD . Our purpose is the classification of irre- 
ducible modules for the fixed point subalgebra V[ c D = {u G Vl GxD \ tu = u] 
of Vl CxD by the automorphism r. 

In the case where C = {0} and D = {0}, the group Ge becomes an 
automorphism group of the vertex operator algebra V^se naturally. In the 
case of £ = 1, r is reduced to an automorphism t% of the vertex operator 
algebra Vl- 

We also note that 

y i(A + C)x( 7 +0) L (9(A) + 9 (C))X( 9 ( 7 ) + 9(I5)) 

for A G C 1 - and 7 G D 1 - is a map from Vl CxD -modules to 1^ , c)x ,^-modules. 
In the case where C and D are ^-invariant, we have 

^ L (\+C)x(j+D) ° — 9 (^(A+C)x( 7 +-D)) ~~ ^( 9 -l(A)+g-l(C))x( 9 - 1 ( 7 )+9- 1 (D))' 

(2.20) 

By (SJ Theorem 3.1] and Lemma f2. Ill we have the following proposition. 

Proposition 2.15. {V L(X+C)x(i+D) | A + C G C^C, 7 + D G D- 1 /!)} zs a set 
of all irreducible Vl CxD -modules up to isomorphism. 

The following lemma is a straightforward consequence of the definition of 
V(\+c)x(rt+D) and the r-invariance of C. 

Lemma 2.16. We have V(a+c*)x(7+d) t — V(r-i(X)+C)x{j+D)- In particular, 
V(a+c)x( 7 +d) is r -stable if and only if A G C . 
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For £ = 0, 1,2, let V Lcx(j+D) (e) = {u G ^l Cx(7+d) I ru = Cfu}. These are 
irreducible V? -modules. 

The following proposition is clear. 

Lemma 2.17. .4s {Vl)® 1 -modules, we have 

^ L (\+C)x(j+D) ~ CD ^W)' 

fj,e\+C,5ey+D 

The fusion rules for Vl CxD is given by the following lemma. 

Lemma 2.18. [11, Corollary 12.10] For A 1 , A 2 G C x and"/ 1 ,-/ 2 G D ± ; we 
/jane 



Irreducible r^-twisted Vr n n -modules, % = 

1,2 



In this section we assume that C is a r-invariant even /C-code of length I and 
.D is a self-orthogonal Z 3 -code of the same length. Thus Lq x d is a positive 
definite even lattice by Lemma \l. 121 and r induces a fixed-point-free isometry 
of Lqxd- Following ^2] we shall construct a family of irreducible r*-twisted 
Vx CxD -modules, i = 1,2. The argument in the r 2 -twisted case is parallel to 
that in the r-twisted case. Thus we deal with mainly the r-twisted ones. 

We have already constructed a central extension L Cx d of L Cx d by (/C24) 
with associated commutator map c (cf. ()2.17|) ). where 

c (a,P) = 12(a,P) + 24Z 

for a,/3 G LcxD- Note that aba~ l b~ l = k^} in Lcxd- In order to keep the 
notation consistent, we follow O Remark 2.2] with p, q, L, and z/ being 3, 
24, 

LcxD, an d r, respectively. Then L Cx d here is the same central extension 
of LcxD by (K24) in [121 Remark 2.2] up to equivalence. The r-invariant 
alternating Z-bilinear form c T ( ■ , • ) of L CxD x L CxD to Z/24Z (12, (2.10)]) 
becomes 

cg(a,/3) = 8(ra + 2r 2 a, / 3) + 24Z. (3.1) 
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Note that a + to + r 2 a = 0, since r is fixed-point-free on Lcxd- Let 

1 — > (/C24) - ► Lcxd,t — > Lcxd —> 1 (3.2) 

be a central extension of Lcxd by (K24) with associated commutator map 
Cq( • , •). Thus aba^b^ 1 = K 24 c o( a '^ in LcxD,t- Such a central extension is 
unique up to equivalence. 

There is a set-theoretic identification between the groups L Cx d an d L Cx d,t 
such that the group multiplications x in L Cx d and x r in L Cx d,t are related 
as 

a x 6 = K 24 £o( "' 6) a x r 6, (3.3) 
where £0 : Lcxd x Lcxd —> Z/24Z is a r-invariant Z-bilinear form satisfying 

e (a, p) - £ ((3, a) = c (a, 0) - cg(a, /3) (3.4) 
(cf. (El (2.4), (2.5)]). Here we can take (cf. [El (2.13)]) 

£o(«,/3) = 20(r 2 a,p) + 24Z. (3.5) 

Note that the right hand side of ()3.3j) is the product of «24 £0 ^°' 6 ' ) and a x T 6 in 
the group Lc x d,t- Since «24 = and £o( ■ , • ) is Z-bilinear, ()3.3)1 is equivalent 
to K,24~ £ °^' b ^aX b = ax T b, where the left hand side is the product of K24 _eo( ' a ' b ' ) 
and a x b in the group Lqxd- We have considered e a G Lcxd f° r a ^ icxD 
in Section 2.2. Under the set-theoretic identification of Lqxd and Lc x d,t, we 
can regard e a as an element of Lq<xd,t- Then a t— > e a is a section Lqxd — * 
Lcxd,t of the central extension (|3.2|) . 

Since £o( • > • ) is 9- and r-invariant, it follows from ()3.3j) that the auto- 
morphisms 9 and r of Lcxd in Lemma T2. 131 induce automorphisms of LqxD,t 
under the set-theoretic identification of the groups L Cx d and L C xd,t (cf. 
Remark 2.2]). 

Let L®^ (resp. L® e T ) be the inverse image of L® £ under L Cx d —* L Cx d 
of (|2.17|) (resp. L Cx d.t —> L C xD of (|3.2p ). In jHHES], we have considered 

T 

irreducible ri-twisted V^-modules V L J (ri),j = 0,1,2. Recall that r of 10, 
I5d] is denoted by n here. In order to apply the results obtained in these 
previous papers, we need to examine the relation between L (resp. L T ) of 
PU and L©i (resp. L®\). 

In [TIH (2.1)], L was a central extension of L by (Kg) with trivial associated 
commutator map L x L — > Z/6Z and a section L — > L; a 1— > e a was chosen 
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so that e a e 13 = e a+l3 and T\(e a ) = e Tl ^ a \ In our case we have e a e 13 = e a+l3 
and n(e a ) = e Tl(a) in V- for a, (3 G L by (l2~T2j) and (|2~T3|) . Thus for each 
1 < s < the map 

e a ^(l,...,eV..,l)T 

is an injective group homomorphism of L to L®^, where (1, . . . , e a , . . . , 1) is 
the element of {L^) 1 whose s-th component is e a and the other components 
are 1. Furthermore, this injective group homomorphism is compatible with 
the action of T\. 

The embedding of L into L® 1 implies an embedding v i— > 1 <g> ■ ■ ■ <g> v (8) 
•••(8)1 of the vertex operator algebra Vl into Vjf = V L ®t which maps Vl 
isomorphically to the s-th component of V® for each 1 < s < t. This 
embedding is again compatible with the action of T\. 

We denote e of []JJ (4.4)] by e' for a while. Thus e' (a, (3) = 5(ri 2 a, (3) + 
6Z. In ^U], the multiplications a x 6 in L and a x Tl 6 in L Tl are related as 

a x 6 = Kp' b) a x Tl 6. Since «^ (a,/3) = by (Q, it follows from Q 

that the map 

.4 _ 



for a G L is an injective group homomorphism of L T1 to the s-th component 
of L® e T for each 1 < s < I. 

We are going to construct irreducible r-twisted Vl Cxd -modules by the 
method of [12]. Now, L® e C L CxD and so S V L m C V^ CxD . Since 
r = (ti, . . . , Ti) and since the irreducible Ti-twisted V^-modules in [TUl EE] 
were constructed by the same method, the above argument means that the 

T 

action of Vl on the irreducible Ti-twisted V^-modules V L Xj (ri),j = 0,1,2 
studied in fUJ EH] is realized in the action of the s-th component of V® 1 on 
the irreducible r-twisted Vi CxI3 -modules. A similar discussion holds for the 

T x , 

irreducible rf -twisted V^-modules V L j (t 2 ), j = 0,1,2 of [TOJ and the 
irreducible r 2 -twisted VL CxD -modules constructed by the method of [T^ . 
Recall the elements lu, P, and J of V^ 1 in [36] . The action of P\, and 

J 2 on the top level of the irreducible V^ 1 -modules V L 3 (n)(e), J (r 2 )(e), 
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j, e G {0, 1, 2} can be found in |2E1 Section 4]. We shall consider the elements 
u;( s \ p( s \ and of (V£ 1 )® i which are to, P, and J of the s-th component 
VI 1 of (V^ 1 ) , respectively. Since (V^ 1 )® 1 is naturally embedded into V£ @t , 
we can compute the action of uj[ s \ Pi , and J 2 on any irreducible r- or 
r 2 -twisted Vl Cxd -module constructed by the method of [12] and compare it 
with the results in Section 4]. This consideration plays an important 
role in the proof of Theorem 3.12 below. 

In order to describe c5(a, f3) explicitly, we introduce the following notation 
for x,y G JC. 

p(*) = {; * x *l (3.6) 

10 it x = 0, 

nt v Jl if £ = y ^ or r 2 (x) = y ^ 0, 
QM) = i n n n ( s (3-7) 

10 it x — 0, y — 0, or r(xj = y. 

For a G L(a, 7 ) and /3 G L^g) of the form (|2.3|) and ()2.4|) . we have 
< 3 

(ra + 2r 2 a, /3) = J] (-Q(A S , /x s ) + 7 A + 7s(-P(^) + nj s) + n { 2 s) ) 

s=l 



+ 5 S (P(X S ) - 7< J - m ( 2 S) )j (mod 3Z) 

(3.8) 

Lemma 3.1. Q(A S , /x s ) G 2Z /or A = (Aj, . . . , A^) and /x = (/xi, . . . , /x^) G 

s=l 

C. 

Proof. We refine the argument in the proof of Lemma l2~Hl Let S\ = supp A: (A), 
= supp^/x), and I k {X,fi) = {i G S\ fl | r fc (Ai) = ^} for fc = 0, 1,2. 
Then S\ fl is a disjoint union of J°(A, /x), / 1 (A, /x), and J 2 (A, /x). Moreover, 

5 A+ , t = I^/x) U J 2 (A,/x) U (S A - U (^ - S A ). 

This implies that |/ 1 (A, /x)| + |/ 2 (A,/x)| is even. By the definition of / fc (A,/x), 
we have I k (X,fi) = I k+2 (r(X), /x) and so 

|J°(A,/x)| + |/ 2 (A,/x)| = \I\t(X),^\ + |/ 2 (r(A),/i)|, 

which is even. The left hand side of the above equation is equal to Yll=i Q{K, 
Hence the assertion holds. □ 
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Remark 3.2. In the proof of Lemma 13.11 we have \S\ D = \I k (X,^)\ 
(mod 2Z), A; = 0, 1,2. We note that Lemma I3~T1 is not true if C is not r- 
invariant. For instance, let C = {(0, 0), (a, 6), (6, a), (c, c)} be an even /C-code 
with £ = 2 and take A = (a, 6) and /i = (6, a). Then ^2 s=l Q(X S , Us) = 1- 

If 7 = (71, ...,ye),5 = (6i, ...,5 e ) G D, then (7, 5) Za = ^Li 7A = 
(mod 3Z) since D is assumed to be self-orthogonal. Thus the alternation 
Z-bilinear form c^( • , • ) of ()3.1|) can be written as 

1 

c T (a, (3) = 8J2 (ls(-P&s) + n? + n 2 s) ) + 5 S (P(X S ) - m[ s) - m 2 s) )) + 24Z 

(3.9) 

for a, (3 G L C xD of the form (Q and (Q- 

We now follow [28J. Note that the commutator map C(a,/3) of j2H] is 
k 24 c o( q ' /3 ) in our notation. Let I) = 1)cxd = C^zLcxD, so that f) = (C<g> z L) e£ . 
We extend r to an isometry of f) linearly. Since r is fixed-point-free on f), iV 
of |2H1 is identical with Lc* x d i n our case. 

We consider (1 — t)Lc x d, which corresponds to the subgroup denoted by 
M in [28J. For each coset L^' 1 ' of L in L 1 - with x G K, and i G Z3, we have 

(1 - t)L^ = {3(t 2 (x)) + (1 - r )L(°' p W +i ) 

= {/3(r 2 (a;)) + (mi + m 2 )/3i + (-P(^) + i - m x + 2m 2 )(3 2 | mi, m 2 G 

(3.10) 

Here we note that 

{ni/?i + n 2 (3 2 I ni, n 2 G Z, n x + n 2 = i (mod 3)} 

= {(mi + m 2 )(3i + (i — m 1 + 2m 2 )/3 2 | mi, m x G Z} 

for 2 = 0,1,2. In particular, 

(1 - r)L (0 ' i} = {(mi + m 2 )/?! + (i-m 1 + 2m 2 )f3 2 I m 2 G Z} 
and for x E JC, 

(1 - r)L (x ' 0) U (1 - r)L (<e>1) U (1 - r)L (x ' 2) = L (r2(x) ' 0) (3.11) 

is a disjoint union. In the case of x — 0, we have £/(l — r )-^ — ^3- Note 
that (1 - t)L^ n (1 - t)Z> j ') ^ if and only if x = y and z = j. It follows 
from (I3~TT|) that 

{1-t)L l = |JL (X ' 0) ; disjoint. (3.12) 
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Define a map tp : L — > Z 3 by 

(p(P(x) + (-- + mi) Pi + + m 2 )P 2 ) = -P(x) + mi + m 2 + 3Z (3.13) 

for i 6 Z 3 and mi, m 2 G Z. We can easily verify that (p is a homomorphism of 
additive groups. Moreover, p((l -t)L^)) = {i + 3Z} since P(r 2 (x)) = P(x) 
for x 6 JC. Thus the restriction ^Ifi-rjx-L : (1 ~~ r )-^~ L ^ Z 3 of to (1 — r)^ 
is a surjective homomorphism and its kernel is Ud;<ea:(1 — t)Z/ x '°). 

For A = (Ai, . . . , Xe) G JC e and 7 = (71, . . . , 7^) G Z|, it follows from f)3. lUj) 
that 

(1 - r)L (A , 7) = { £ (/?(r 2 (A s ))^ + (m[ s) + m^[ s) 

s=l 

+ (P(A S ) + 7s - mj s) + 2w% ) )$ ) \ I m[ s) ,m^ } G z}. 

(3.14) 

Thus (1 — r)L( Ai7 ) C L( T 2( A ),o)- We also note that (1— r)L(^ i7 )D(l— t)L^s) — 
if A 7^ or 7 7^ 5. 

Let i? = {a G Lcxd | cj(a, /?) = for all (3 G L Cx d} be the radical of the 
alternating Z-bilinear form cj( • , • ) on Lqxd- Recall that the commutator 
map C(a,P) of 28 j is n 2i c o( a '^ in our notation. Thus R in [23 Section 6] is 
identical with our R. It follows that 

(1 - r)L CxD C R C L Cx0 . (3.15) 

Indeed, if a = (1—t)t) for some r/ G LqxD then ra + 2r 2 a = (l + r+r 2 )?7 — 3rj. 
We have (1 + r + r 2 )r/ = 0, since r is fixed-point-free on Lcxd- Thus 
(1 — t)L Cx d is contained in (cf. [2EJ Section 6]). By ([3.9)1 . a G L Cx d such 
that Cq(o.,P) = for all /? G £(0,0) = £ ffi ^ must lie in L Cx0 . Thus R C Lcxo- 
It follows from (j3.11|) that 

L C xo= [J (1 - t)L(a, 7 ); disjoint. (3.16) 

AgC 

T6ZI 

Furthermore, we have the explicit form of the elements in R by ()3.9|) . 
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Lemma 3.3. The radical R of the alternating Z-bilinear form Cq( ■ , • ) on 
LcxD consists of the elements Yll=i(0(^sY s ^ + Tr4 /?{ + ""4 /^) w ^ ^ = 
(Ai, . . . , A^) GC, m[ s \ G Z such that 

e 

$s(P(K) - - mf) = (mod 3Z) (3.17) 

for all 5 = (5i, . . . , 5e) G D. 

The following lemma is a direct consequence of (J3.9)) . By the lemma we 
can choose Lqxo as the group A of Proposition 6.2]. 

Lemma 3.4. Lcxo is a subgroup of Lqxd which is maximal subject to the 
condition that the alternating Z-bilinear form Cq( • , • ) is trivial on it. 

We extend ip : L — > Z 3 to a surjective homomorphism of additive groups 
if : (L- 1 -)®^ — > Zg componentwise, so that it maps the s-th component L x 
to Z 3 by ()3.13j) . Thus for a G L K t xZ ^ of the form ()2.3j) . we have y?(a) = 

(g h ...,gi) with g s = -P(A S ) + m[ s) + mj> s) + 3Z. 

Set M = (1 — t)Lcxo and M = (1 — t)Lcxd for simplicity of notation. 

Lemma 3.5. TTie restriction v?|l Cx0 : £-cxo - > Z 3 o/^ to Lcxo is a surjective 
homomorphism and its kernel is M$. Moreover, <f(M) = D and (p(R) = D L , 
that is, ip gives the following surjections. 

M C M C R C L C xo 
<P- i i i I (3.18) 

C D C D ± C Z|. 

Proof. Since P(r 2 (x)) = P(x) for re G /C, we see from (13.14)1 that <£>((1 — 
t)L(a )7 )) = {7}. Hence the first part of the lemma is a consequence of 
fjTTHji . Similarly, yj(Af) = D. Lemma E31 implies that (p(R) = D ± . □ 

By (JSI1, M contains - (3 { 2 s) and /^ s) - /$°. Thus p$ a) , i = 0, 1,2 
are congruent to each other modulo Mo. We can also verify that p\ G" 

(s) 

M and 3(31 e ^o- Then the cosets of M in L Cx o, R, or M can be 
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described by using 7 = (71, . . . , 7^) G Z|. In fact, we have the following coset 
decompositions. 

M = |J (71 + • • • + + M ) , (3.19) 
R = IJ + • • • + 7*/f } + Mo), (3.20) 

Lcxo = |J (7iA (1) + • • • + HP? + M ). (3.21) 

For any subgroup Q of L Cx d, we denote by Q T the inverse image of 
Q under the homomorphism Lc x d,t — ► Lq x d- Lemma 13.41 implies that 
the inverse image L Cx o )T of L Cx o is isomorphic to L Cx o x (^24), which is 
a maximal abelian subgroup of Lc x d.t- The inverse image R T of R is the 
center of the group L Cx d,t- 

A central subgroup K defined in [T2J Remark 4.2] is crucial for the con- 
struction of a certain class of irreducible I/c X D,r-modules (see also [221 Sec- 
tion 7.4], [2HJ Section 6]). Let K = {ar(a) _1 | a G Lc x d,t}- Then K is a 
subgroup of the center R T of L CxD t and K PI (^24) = 1 (cf. [121 Remark 
4.2]). Indeed, ar(a) -1 = a — r(a) G M. If ar(a) -1 G (^24), then a = r(a) 
and so a = 0. Hence a G (^24) and ar(a) -1 = 1. Thus K fl (^24) — 1- Since 
M C R, K lies in i? r . Then for a, 6 G Lc x d,t, br(b)~ l commutes with t(o) -1 
and we can calculate that 

aria^brib)- 1 = abr^T^a)- 1 = abr{ab)- x . (3.22) 

This in particular means that (ar(a) -1 ) -1 = a~ 1 r{a) G -ft'. Thus K is a 
group. Now the inverse image M T of M in L Cx d,t is K x (k 2 4) = M x (k 2 4)- 
Clearly, is r-invariant. Moreover, K is ^-invariant since 9 commutes with 
r. 

We shall construct an irreducible L Cx d , r -module as in [2HJ Proposition 
6.2]. Since M T = K x (^24), there is a unique group homomorphism p : 
M r — > C x such that p(k2a) = C24 and p(a) = 1 for a £ K, where C24 = 
exp(27T V /T T/24). Note that (1 + r + r 2 )ct = for a G L CxD . Thus p is the 
homomorphism denoted by r in [2HJ Proposition 6.1]. Let \ : R T —>■ C x be 
a homomorphism extending p and t/> : I/cxo,t ~~ C x be a homomorphism 
extending Then ?/>(k24) = C24 and ^ is 1 on K. Such an extension t/> exists, 
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since in the central extension 



/K - L CxD /M - 1 

with associated commutator map Cg( • , • ) defined by Cq(« + M, /3 + M) = 
Cq(«,/3), the subgroup L Cx o, T /K splits by Lemma EP1 That is, L Cx o <T /K — 
(Lcxo/M) x (^24) and R T /K = (R/M) x (^24). Let C^, be a one dimensional 
icxo,r- m odule with character ip and = C[L Cx d,t] ®c[l Cx o r ] ^ ^ e ^ ne 
-^c*xD,r-module induced from G^. 

We need to know ip and in detail. For this purpose, set K = 
{ar(a) _1 | a G Lcxo.r}- Then if is a subgroup of if with M ,r = if x (^24), 
where M ,r denotes the inverse image of M in Lq x d,t- Hence K/K = 
M/Mo = D by Lemma 13.51 Moreover, ifo is 9- and r-invariant. We shall 
describe the structure of the group L Cx d,t/ K explicitly. 

Recall our definition of e a for a G L Cx d in Section 2.2. Let (3 G L 0xD . 
Then e^e"^ = e° = 1 in L CxD and so e^e"' 3 = n 2 °} m in L CxDiT by (l3~3J) . 
This means that the inverse (e' 3 ) -1 of e^ 3 in Lq x d,t is ' 'e - ' 5 '. Now 
r( e /3 ) = e T ^ and e (r(/9), r(/3)) = e G9,/3). Hence r^)" 1 = «~ 4 £o(A/ V^). 
We also have e /3 " r(/3) = e /3 e" T(/3) in L CxZ) and it is equal to K^ o(P ' Tm e p e~ T ^ 
inLc X £) iT . It follows from the definition of £o( • , • ) that ^o(/5, /?) = £o(P, T (P)), 
since r is an isometry of Lc x d of order 3. Therefore, 

e f> T {eP)- x = eP-^W in Lcxd.t (3.23) 

for /3 G L 0x £>. In the case of j3 = —flx^ + (3!f\ we have 

e -Px +P2 T ( e -Pi +/3 2 )-i = e 3/3 2 in Lc x d,t- (3.24) 

For 7 = (71, . . . ,7^) G -D, set 

«(7) = E^(-^f S) + ^ S) )/3 G iox». (3.25) 

8=1 

These 0(7), 7 G -D form a complete set of coset representatives of Lcxo in 
L Cx d, that is, L Cx d = U 76 £>(a(7) + L Cx q) is a disjoint union, and so 

Vr= U e ° (7) ^XO,r- (3-26) 

7€D 
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Then using (J3.22)) we see that 

K= [J e a(7) r(e a(7) )- 1 ir . (3.27) 

Moreover, it follows from 1)3.23)1 that 

e o(7) r ( e a(7))-i = e ELi7s4 s) i n L CxDir . (3.28) 
We can verify directly by the definition of Eq( ■ , • ) that 

e (A (s) ,/5f ) = 85 s , t + 24Z (3.29) 
for z,j G {0,1,2} and 1 < s,t < i. 

Lemma 3.6. The following assertions hold in Lcxd,t for 1 < s < i. 

(1) e 13 ^ = e^ s) = e^' (mod -K" ). 

(2) (K 3 ^ S) ) 3 = e^ s) 6^z = 0,l,2. 

(3) (« 8 ^' ) )- 1 = «ac-^ ) ,< = ) l,2. 

Proof. We have r(e /3 i ) = ' and r(e /3 2 ') = e^o . Hence (1) is a conse- 
quence of the definition of K . By ()3.29)1 . e^ e~^ = k 3 in L Cx d,t- Thus (3) 
holds. Similarly, (e^* ) n = e n/3 * s) for n G Z in L Cx d, while (e^" ) 2 = /t^e 2 ^' 
and (e^) 3 = e 3/3 * s) in L CxAt . Thus (2) follows from (j3~m □ 

As shown in the above lemma, (fi^e^ > ) m = K™ 2 e m ^ ' in Lc x d,t for any 
integer m. Now, let m s G Z, 1 < s < £. Then e s -i m ^ = e mi ^ ■ ■ ■ e m ^ 
in L Cx D an d in L Cx d,t also by ([3.29)1 . Hence 

fae^Y 1 ■ ■ ■ (K 3 e^)^ = K f™ e ^ m ^ in L CxDjT (3.30) 

for any m = (m 1; . . . , m^) G Z f , where m • m = Yf s =i m s- The above lemma 
implies that (K 3 (3^) m Ko and e m ^ ) Kq depend only on m (mod 3Z). Hence 
(13.30)1 is reduced to 

(Kse^V ■ • ■ (« 3 e^V^ = /c^e^^ifo (3.31) 
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modulo K for 7 = (ji, . . . , 7^) G Z3. If 7 G D, then (7, 7)^ = since D is 
self-orthogonal. Therefore, (|3.27j) and (|3.28j) give that 

K = |J (/cse^V 1 • ■ ■ (K 3 e^V^ . (3.32) 

Motivated by the above result, we set 

Ki = (J fo^ V " " " tee^r'ffo, (3-33) 

^2 = |J (Kae^V 1 ■ ■ • (K 3 e^y*K (3.34) 
with 7 = (71, . . . ,7 £ ). 

Lemma 3.7. (1) K 2 is a subgroup of Lc x o,t such that K 2 fl (K24) = 1 owd 
Lcxo, T = K 2 x (k 24 ). Moreover, 

^ 2 /^o = (ks^Kq/Kq) x ■ ■ ■ x ( K3 e^K /K ), 

which is isomorphic to Lcxo/Mq = Zf . 

(2) a subgroup of K 2 such that R T = K\ x (k 24 ). Moreover, Ki/K 

is isomorphic to R/M = D . 

Proof. Since Z| is an additive group, K 2 is a subgroup of Lqxo,t- By Lemma 
13.61 (2). the order of K 2 /K Q is at most 3 l . Moreover, we see that the image K 2 
of K 2 under the homomorphism LcxD,t Lqxd is Lcxo by (|3.21jl . Thus 
(1) holds. Similarly, (2) follows from dSZ20J) - □ 

We remark that (e^* ) 71 • • • (e^ ) Je Ko, (71, . . . ,7^) G -D is not necessarily 
contained in K by ()3.32|) . for if fl (^24) = 1 and 71 + • • • + 7^ G" 3Z in general. 
Let if) : Lcxo,t —* C x be a homomorphism of abelian groups such that 

^(^24) = C24 and if) (a) = 1 for a G K . Then if>(K 3 e^ ) = £3", 1 < s < £ for 
some 77 = (rji, . . . G Z3 by Lemma 13.71 We denote such a homomorphism 
if) by if) v . In fact, 77 1 — > is an isomorphism of the additive group Z| onto the 
multiplicative group of all homomorphism if) : Lcxo,t — ► C x with ^(^24) = 
C24 and "0(a) = 1 for a G Zf . The homomorphism ^ is determined by the 

three conditions (i) ^(^24) = C24, (h) is 1 on ^o> and (iii) if) v (K 3 e*i ) = 
Cg 8 . Note that ^(^e^) = £"" 4 by Lemma l3~B1 and that Vu(e ±/3 < W ) = 

S3 



29 



Remark 3.8. The conditions (i), (ii), and (iii) for ip v are consistent with the 
conditions for Xj m [IDl Section 4]. 

As before, let C^, be a one dimensional Lcxo,r- m odule affording the 
character ip v and = C[L C xd,t] ®c[l Cx0 t ] ^V, the L^xd, r-module 
induced from . It follows from ()3.26|) that {e a ^ (g> 1 | 7 G D} is a basis of 

, where 1 denotes a fixed nonzero vector in . 

Lemma 3.9. (1) K24 and Kq act onT^ as C24 and 1, respectively. Moreover, 
K (resp. K\) acts on as 1 if and only if rj G D 1 - (resp. 77 G D). 

(2) For rj, rj' G the LcxD^-modules and , are equivalent if and 
only if rj = rf (mod D), which is also equivalent to the condition that ifj v and 
ip n > agree on K\ . 

(3) The action of K^e ±f3 ^ on e a ^ ® 1 is such that 

K 3 e^ s) ■ (e a ^ ® 1) = C3 ±^-^) e »(7) g, 1. 
That is, Ce a ^ ® 1 is a one dimensional Lcxo,r -module with character ip v -y 

Proof. Since K C K C K\ and K\ x (^24) is the center of the group Lcxd,t, 
the first assertion of (1) follows from the definition of Tf . By (J3.32|) (resp. 
f)3.33|l ). ip v is 1 on K (resp. K\) if and only if rj G D x (resp. rj G D). Hence 
the second assertion of (1) holds. 

For b G Lcxo,r, we have be a ^ = K^ b ' a ^ e a ^b. Since b acts on as 
ipr){b)i the action of 6 on e^ 7 -* <g> 1 is given by 

b ■ (e a(7) <g> 1) = C 2 1 ( '' a(7)) ^(&)(e a(7) (8) 1). 

Now c5(/3^,a(7)) = -87 s + 24Z by IjT^ . Therefore, (3) holds. 

As an I/cxo.r-iriodule, 7^ is a direct sum of one dimensional modules 
C e a ("/) ® lj 7 e .D and so its character is ^ 7&D VV-7 by (3). Thus T^ is 
equivalent to T$ , as I/c x o, T - m odules if and only if $^ 7 e£>VV-7 * s identical 
with ^2 jeD iprf-T This is exactly the case where 77 = rf (mod D). If 5 e D, 
then e a ^e a ^ G e a W +a W (k 3 ) in L c xd,t- Since a(5) + 0(7) = a(S + 7) 
(mod L® e ) } it follows that e a(5) e a(7) G e a(<5+7) L Cx0 , r . Then the action of e a{5) 
on each of T^ v and , is a permutation e a< - 7 ^ (g> 1 1— > e a ^ +7 - ) ® 1, 7 £ D on 

the basis {e a ^ ® 1 1 7 G -D} modulo the action of Lcxo,t- Thus the first part 
of (2) holds. The second part of (2) is a consequence of ()3.33j) . □ 
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By the above lemma, we have that the action of e ±l3 * on e a ^ ®1 6 

is 

• (e a ^ ® 1) = C -iMvs-Vs) e aW ^ L (3>35) 

As an I/c x o ir -module, is a direct sum of one dimensional modules 
C e a (7) g) 1 } 'y e D whose characters ^_ 7 , 7 6 f are different each other. 
Thus is an irreducible LcxD.r-module. 

Remark 3.10. The equivalence class of is determined by the values of 
ip v on R T = K 1 x (/C24) (cf. Lemma (2)). Hence 7^ , 77 G D- 1 are exactly 
the modules F^ of [23 Proposition 6.2] in our case. 

Recall that i) = i)cxD = (C ©z is an orthogonal sum of t copies of 
C ®z L. As before, we use oS- s > to denote the element a G C ©z L in the s-th 
entry of (C © z Let 

M s) = ~(/#° + ciA s) + Cs4 s) ), ^ = l((3[ s) + C3(3 ( 2 S) + ci/3 { s) ). 

Then rhf = Qhf, (hf\ hf) = 0, and (h[ s \ hf) = 28 Sjt . Set 

f) (n) = {a G fj I to = (3 "} 

for jigZ. The index n of i)( n ) is considered to be modulo 3. Then fv ) = 

and f) = f) ( i) © f) (2) with fj (n) = C/i^ © • • • © n = 1,2. If « G I), 

we write at n \ for the component of a in f)( n \. In this notation we have 

= Q-'h? and (/?«) (2) = (t-Vtf, i = 0, 1, 2. 
The r-twisted affine Lie algebra fj[r] is defined to be 

6H= (0f)w®i n/3 ) ©cc 

nez 

with the bracket 

[x © t m , y © t n ] = m(x, y)5 m+nfl c 

for x G f)(3 m ), y G f)(3 n ), m, n G (1/3)Z and [c, fj[r]] = 0. The isometry r acts 
on fj[r] by t(x © t n ^ 3 ) = Qx © t n / 3 and r(c) = c. The r-twisted affine Lie 
algebra admits a triangular decomposition. Set 

= Goo ® * n/3 , 6H~ = &<») ® * n/3 , 6M° = CC. 

n>0 n<0 
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Then fj[r] = f)[r]~ © f)[r]° © fj[r] + . Consider the f)[r] -module 

5[r] = l/(6[r])® l , (6[Tl+e$[Tl o ) C 

induced from the t)[r] + ©[)[r] -module C, where f)[r] + acts as and f)[r]° acts 
as 1 on C. The weight gradation on S[r] is given by (cf. O (4.6), (4.10)]) 

£ 

wt(x © t n ) = —n, wt(l) = - 

9 

for n G (1/3)Z and x G f)(3n)- For a G f) and n G (1/3)Z, we write a(n) for 
the operator on S[r) induced by the action of a( 3n ) ®t n . As a vector space S[r] 

can be identified with a polynomial algebra with variables h[ (1/3 + n) and 
^■2 (2/3 + n), n G Z <0 , 1 < s < £. The weight of the operator h\ s \i/3 + n) 
is — z/3 — n. The isometry r acts naturally on the polynomial algebra by 
T(h[ s \i/3 + n)) = Qh\ (i/3 + n), which is an algebra automorphism of order 
3. 

Set 

v£: D = y£' x » = %]®r^ (s.se) 

for rj G D- 1 . The weight of any element in is defined to be 0. Hence the 
weight of elements in is given by wt(u © v ) = wt(u) for u G 5[r] and 

v G 7^, . Moreover, the action of r on T$ is defined to be £ 2wtz 3^ Thus r 
acts on via r(w © t>) = r(u) © r(v). 

We define the r-twisted vertex operator Y T ( ■ , x) : Vl Cxd — > End(F^ D ){x} 
in the same way as in Thus for e Q G LqxDi let 

F T (e a ,x) = 3- <Q ' a>/2 0(a)E-(-a,x)E + (-a,x)e Q x- (a ' Q)/2 , 

where 

£ ± (a,z)=exp( £ 

n6(l/3)Z± 

and 0(a) = (1 — £|)(™> Q >. Furthermore, e a acts on the Z/c X £) iT -module 
through the set-theoretic identification between L Cx d and L Cx d,t- Here 
0(a) denotes a (a) of [HJ (4.34)]. For v = a^-ni) ■ • -a fe (-n fc ) • e Q G 7 ioxD 
with a 1 , . . . , a k G f) and ni, . . . ,n k G Z >0 , set 

((S^i5i(s)"" Io 'w) YT(rf,,l) " 
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where a(x) = J2ne(i/3)z a ( n ) x ™ 1 - Define constants c l mn G C for m, n > 
and i — 0, 1, 2 by the formula 

E^v-^'° s ( (1+I)1/ ;:^ (1+y) ' /s ). 

m,n>0 r=l ^ S3 / 

m,n>0 ^ S3 / 

Then for an orthonormal basis {71, . . . , 72^} of f), define G End(VL CxI3 ) [[2, x 
by 

2 2^ 

A * = E EE4^-s)M7^K m - ». 

m,n>0 i=0 j=l 

Finally, the r-twisted vertex operator is defined by 

Y T (v,x) = W(e A *v,x). 

By US Theorem 7.1] and 28. Proposition 6.2], (Vf^ D (r), F T ), 77 G I} 1 
is an irreducible r-twisted VL CxD -module. Each of the ID^/Dl choices of 
77 G -D -1 (mod .D) yields an inequivalent irreducible r-twisted Vi CxD -module. 

We have discussed only irreducible r-twisted Vl CxD -modules so far. Now, 
we deal with irreducible r 2 -twisted ones. Actually, we can construct {D^-fDl 
inequivalent irreducible r 2 -twisted Vl Cxd -modules {V'[^ d (t 2 ),Y t2 ), rj G D 1 - 
(mod D) similarly. Indeed, replace r with r 2 in the above argument and 
proceed in the same way. Thus, define a r 2 -invariant alternating Z bilinear 
form Cq : LqxD x Lcxd — ► Z/24Z by replacing r with r 2 in (j3.1j) and consider 
a central extension L CxD T 2 of Lcxd by (/C24) with associated commutator 
map c^ 2 ( • , • )• We can construct a class of irreducible Lcx,D ir 2-modules , 
77 G D ± . Let /if ) = /4 s) and /i' 2 (s) = ^\ 1 < s < t. Set Jj' (n) = {a G f) | r 2 a = 

C3Q;} for n G Z (cf. |TQl Section 4.3]). Take /i'^ and h'2 instead of hi and 
respectively and consider S[t 2 ]. Let 

We define an action of r on by r 2 (t>) = Cl*^ 3 that is, t(v) = 
^wt Za (r?)^^ fjj ien r ac ^- g on y^"'' 7 (V 2 ) via r(w = r(-u) <g> r(u) for w G S[t 2 ] 
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and v G . As before, we can define the r 2 -twisted vertex operator 
Y r2 (-,x) so that (V^,^ D (r 2 ), y -2 ), r\ G D 1 - (mod D) are inequivalent ir- 
reducible r 2 -twisted Vl CxD - modules. 

Since Vl CxD is rational and CVcofinite, the number of irreducible r l - 
twisted Vl CxD -modules is bounded above by the number of r-stable irre- 
ducible V£ CxD -modules by [THJ Theorem 10.2] for each i = 1,2. Now, 
{Vl Cx(v+d) \ t] G D 1 - (mod D)} is the set of all r-stable irreducible Vl CxD - 
modules up to isomorphism. Hence we have the following theorem. 

Theorem 3.11. For i = 1,2, there are exactly \D L / D\ inequivalent irre- 
ducible t 1 -twisted Vl CxD -modules. They are represented by (V L £ d (t 1 ), Y t% ), 
i] G D 1 - (mod D). 

For i = 1, 2 and e G Z 3 , set 

V Lcl D (r%] = e V%l D {7*) | r 4 « = Qu}. 

These are irreducible V? -modules. 

In the case where I = 1 with C = {0} and D = {0}, Vg^-r^fe] 
reduces to V L J (Tj)[e], j = 0, 1, 2. The relation between our V^ J (ri i )[e] and 

Vf x '(r)(r), V^(r 2 )(r) in [10] is as follows. 

Vf' (r a )[e]=y^'(r)( e ) l 

^'°(n 2 )[e] = ^(r 2 )(e), 
^(ri)[e]=y^(r)( e + l), j = l,2, 

V^(r 1 2 )[e]=V^(r 2 )(e + l), j = 1, 2 

for s G Z 3 . Recall that the action of r on T Xj and T x >. was defined to be 1 

in [TU] . while r acts on (resp. 7^ ) as £ 2wtz 3^ (resp. Cj 123 ^)- The new 
notation is suitable for the description of the fusion rules for V£ D . 

For simplicity of notation we denote e a ^ <S> 1 by v^^y Then d (t) = 
(B^eoSlr] (gi U(fj )7 ). We decompose V^^r) m t° a direct sum of irreducible 
(V^ 1 ) ^-modules. Each irreducible direct summand is a tensor product M 1 (g) 
• • • <g) M £ of irreducible V^-modules M s , 1 < s < £. It turns out that each 
M s is isomorphic to one of V^'' J '(ri)[e], j = 0, 1,2, £ G Z 3 . 
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In order to determine those irreducible V^ 1 -modules M s , we calculate the 
action of oj[ s \ Pi, and J% on the top level of M 1 <g> • • • <g> M £ , where u/ s ), 
P^, and jW are the elements of (V^ 1 )® 1 defined by 

i=0 i=0 

^ = E A (s) (-2)(/?a - $? 2 )(-l)l - E(/3ffi - /3&)(-l)(e* W - e~^). 

i=0 i=0 

Here the index z of is considered to be modulo 3. Moreover, u n denotes 
the coefficient of x~ n ~ 1 in the r- twisted vertex operator Y T (u, x) for u = tu^, 
?W, and J( s \ Note that u^, pW, and are the elements to, P, and 
J G V^" 1 of jH6j in the s-th tensor component of (V^ 1 )® 1 and that u = u 1 + u 2 
is the Virasoro element of V^ 1 . 

By a direct calculation, we can verify that the operators uj[ , and 
of Vl CxD (' r ) transforms the elements ^(-2/3)® 
U(jj,7), and h,2\— 1/3) 2 ® as follows. 

• (1®<u (?7)7) ) = ^(1® «(,, 7 )), 

( s ) u( s )i ^ 4,( s ), 1 \ 

^i -^2 (-g) ® v (v,y) = g h 2 (-3) ® %, 7 )> 

0) 7 (j), 2 

w i ■ h i (-3) ® %,7) = qK (-3) ® V(„, 7 ), 
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a (s) • ® ^, 7) = - cf * +7s )/4 s) (-jj) ® «(,, 7) 

+ (C3 , ^ 7s + C 3 ^ +7s )^ ) (-^) 2 ®%, 7 ), 



J« ■ (1 ® ^, t) ) = |;V=3(l + He?' 1 * + (P s+Js ))(l ® W(,, 7 )), 
JW • /£>(-?) ® W(wy) = |v^3(37 - 24^ + CP^))h?(~) ® « ( , l7) 



2 



v -3(C3 % - 7S -C3^ +7S )M S) (-^) 2 ®^ 7 ), 



2 / — -/ _ , ^ „. ._,„— u-v.s\ . M , 1x2 



+ g T v^=3( - 17 - 5i(^-* + cr s+7s ))4 s) (-g) 

We note that the above equations are the same as the action of Pi, and 
J 2 on the the elements 1 ® v , h 2 (— 1/3) Cg) v, h 1 (—2/3)®v, and /i 2 (— 1/3) 2 ® t> 

T 

of V L 3 (r) in the notation of |3*6l Section 4] with j = f] s — j a - Furthermore, 
the action of uj\ and P 2 on the the elements l<g>v, /i 2 (— 1/3) ®t>, ^(—2/3) <8>f , 

and /i 2 (— 1/3) 2 (g) v of J (r 2 ) are the same as above, while the action of J 2 
is negative of the above equations. 

Now S[t] <S> V(nn) is a (V^^-submodule of D ( T ) f° r eac h of 7 = 
(71, . . . ,71) G -D. Decompose Sfr] (g> ^(^,7) into a direct sum of irreducible 
(y^ 1 )® - modules and let M 1 ® • • • ® M £ be a irreducible direct summand of 
the decomposition. Thus M s , 1 < s < £ are irreducible V^ 1 -modules. We 
use the classification of irreducible V^-modules established in j2E] to identify 
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We consider the action of oo[ s \ Pi S \ and on top level of M 1 ® 
• • ■ ®M i . 1ft ^ s, the operators ct^ , P\ , and Jg commute with (j/3 + 
n), n G Z <0 , j = 1,2. Then from the above calculation we see that the 
eigenvalues of on S[t] (g> Ufa,-?) are of the form 1/9 + m/3, m G Z> for 

(s) 

any 1 < s < £. Thus the weight, that is the eigenvalue of ui{ , of the top level 
of the irreducible V^ 1 -module is 1/9 + m/3 for some m G Z>o- Then 
by [SHI Section 4], must be isomorphic to one of V^' 3 (r) [r] , Vf'^r 2 ) [r], 
j, r G {0,1,2}. In particular, the weight of the top level of M^ s ' is one of 
1/9 + m/3, m = 0, 1, 2 and its dimension is 1 or 2. 

Define subspaces H 3,k ^ s \ j, k G Z 3 of 5[r] as follows. 



" v 3" 

For e — (ei, . . . , e^) G Z|, set 

# ( „ i7 , e) = fT«' £l '« ® ■ ■ ■ <g> H"' £ *'W <g, U(1J)7) C %] ® U(1J)7) . 
For any £ G H 3,k '^ s \ we have 

' 2A; 



wt(t) = < 



Hence for any w G H^^, 



3 

2fc + 2 



if j = 0, 



(mod Z) 



. , £ 2 v-^ 2wtz, (r? — 7) , , 
wt(w)=g + gX)e< + - (modZ). 



By Lemma f2. 101 



2 \ -s 2\vt- (//) . _ 

wt(w) = - + -^£ i + 1^ (modZ). 



9 3 



i=i 



Therefore, r acts on H( Vjlje -) as a scalar £. 



eiH he< 

3 
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The top level of M 1 <g> • • • <8> M £ is equal to for some e G Z|. Next, 

consider the action of i 3 /^, and j| s on Hu^^ and compare it with 
the action of Ux, P±, and J 2 on the top level of V^ J '(r)[r] and V^' J (r 2 )[r], 
j,r G Z 3 in |3UJ Section 4]. Then we finally conclude that is isomorphic 
to V£ v, '" 7 '(T)[e a ]. Note that the action of wi on the top level of V^ J (r)[r] 
and V^ nj '(r 2 ) [r] distinguishes r = 0,1,2, and the action of Pi distinguishes 
j = 0, 1,2, while the action of J 2 distinguishes V^' J (t) [r] and V J Tj (T 2 )[r]. 

Since all H^^^, e 6 Z3 are contained in 5 , ['r]®f( J7)7 ) and since S , [t]®U(^ )7 ) 
is a direct sum of irreducible (V^ 1 ) ^-modules, we also have that for each e 
there is an irreducible direct summand M 1 ® ■ ■ ■ ® M e of S[r] (g) Ur^ )7 ) whose 
top level is equal to H( V)1;£ ). 

If M 1 g) • • • (8 M e is an irreducible direct summand with top level H^^^, 
then = V^' Vs ~' rs (T)[e s \, 1 < s < £ and r acts on the direct summand as 
( £ 3 1+ - +£e . We have 

S[r] ® W( , i7) = ® ■ • • ® Vf^"^(r)N. 

We have corresponding results for r 2 -twisted Vi Cx£) -modules using the 
same arguments as above. Thus we have obtained the following theorem. 

Theorem 3.12. Fori = 1,2 and 77 = (771, . . . , r^) G D 1 - (mod D), the 
irreducible t 1 -twisted Vl CxD -module (V^^ d (t 1 ),Y tZ ) is decomposed into a 
direct sum of irreducible (F^ 1 ) -modules as follows. 

v Lclu^) = ^"(n^i] ® • • • ® ^-^(n^N. 

( 7 i,..., 7f )60 ( £l ,...,^)eZ| 

Moreover, for the irreducible V[ c ^ D -module D (r) [r] , r = 0, 1,2 we /iai>e 

V^LC^M =0 ^^(nOfei]®---®^'"^)^]. 

( 7 1,..., 7< )S-D eiH he^=r (mod 3) 

4 Modules of Vj 1 

In this section, we recall the classification of irreducible V^ 1 -modules in j^Hl 
and compute some fusion rules for V^ 1 . 
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Proposition 4.1. [36 V^ 1 is a simple, rational, C2-cofinite, and CFT type 
vertex operator algebra. There are exactly 30 inequivalent irreducible V^ 1 - 
modules. They are represented by the following list. 

(1) V Ll o, i) (e),j,e = 0,1,2. 

(2) V L ^,j = 0,1,2. 

(3) V^ k (n%},i = l,2, k,e — 0, 1,2. 

We need to recall the structure of each irreducible V^ 1 -module to compute 
fusion rules. Set 



«fc = ^£A(-i) s 



i=0 

2 



* 1 = jE(iA(-l) 2 -e ft -e^), r ^ L -^ 

i=0 



~.2 , . ~ 1 



lb 4 



and 



= e Vi(i, ) | u>?« = 0}, 

2 

W£ = {«G V L (i,o) I = -f }, % = 0, a, b, c 

5 

M 3 t = {v e V L (oj) | uj\v = oj\v = 0}, 

Wl = {ve V l m | u\v = 0, u\v = ^v}, j = 0, 1, 2, 

M°(e) = {w6 M° | n« = Qu}, 

W%(e) = {v e W° k | r lU = Qu}, e = 0,1,2. 

Then M°,M°(0) and M t ° are simple vertex operator algebras. Set M° 
M°(0) © M° and W° = jy fc (0) © W t °. Then V^ 1 = M° © IV . Moreover, 



^^M^M/'eW^W/, j, e = 0, 1,2 (4.1) 

as M°-modules. 



39 



For i = l,2, set 



M r (r 1 i )(e) 



M t (t x % ) 



G Vf'V) | ufu 

{u e vf 'V) | ulu 

{u G M T (r 1 i ) | rfu 
{u G Wr(ri') | t^u : 



o}, 




0,1,2. 



For j, e G Z 3 , we have 



= M T (n)( £ ) (g) M t " J © W t {ti){e) ® W t ~ j , 
V^( Tl 2 )[e] = M T (n 2 )(e) © M\ © W^n 2 )^) © W/ 



(4.2) 



as M°-modules. 

Proposition 4.2. [TU| M°(0) is a simple, rational, C2-cofinite, and CFT type 
vertex operator algebra. There are exactly 20 inequivalent irreducible M°(0)- 
modules. Their representatives are M^(e),W^(e), M%,W%, Mt(t\){e) , and 
Wrings) jorE = 0,1,2 and i = 1,2. 

Proposition 4.3. [33J The following assertions hold. 

(1) M t ° zs a simple, rational, C2-cofinite, and CFT type vertex operator 
algebra. 

(2) There are exactly 6 inequivalent irreducible M ( ° -modules. Their rep- 
resentatives are Ml and W% for j = 0, 1, 2. 

(3) The fusion rules for M t ° are as follows. 



Ml x M\ 



Ml 



M l t x W\ 
W\ x Wl 



M i t +j + wi +j 



(4.3) 



forij = 0,1,2. 



We compute some fusion rules for V^ 1 . 
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Proposition 4.4. Let £1, £2,ji,j 2 , k E Z3 audi = 1,2. 



^(o,ji)(£i) x Vi(o,i 2 )(e 2 ) = V L (o,i 1 +i 2 )(£i + £2), (4.4) 

V L (o,j 1 )(ei) x V^foja) = V L ( C ,i 1 +j 2 )j (4-5) 

2 

(e) + 2F L(C , (4.6) 



e=o 

^co A) ( £l ) x ^(r^N = if^CrOIfe! + s 2 ], (4.7) 



2 



*W> x V^Mfa] = V^M[e). (4.8) 



e=0 



Proof. We have the following fusion rules of irreducible M° (O)-modules. 

M° k (e 1 )xM k (e 2 )=M° k (e 1 + E 2 ), 
M fe °( £l ) x Ml = M fc c , 



M c k xM c k = Y,M k (e) + 2M c k , 

M k (ei) x M T (rj)(e 2 ) < M^T^fa + s 2 ), 

2 

M fc c x M T (rf)(e*) < ^Mr^Ce). (4.9) 



e=0 



The first three fusion rules can be found in [^3 Theorem 4] and we can show 
the last two formulas by applying the same method used there. We shall 
sketch the proof. In [33], M%(0) and M£(e) are denoted by W and M° (e) , 
respectively, and M k is used instead of M k . 

Let A(M%(0)) be the Zhu algebra of M°(0) and let A(M fc °( £l )), A{M c k ) be 
A(M£(0))-bimodules introduced in [23]. In HD|, it is shown that A(M%(0)) is 
generated by two elements [a;] and [J] . The actions of them on the top level of 
any irreducible M°(0)-module are also computed there. In [33], we obtained 
some relations in A(M k (e\)) and A(M£) which are used to compute the fusion 
rules in the list in plo"! Theorem 4]. Using these data and [3U1 Proposition 
2.10], The same argument as in j3J3 Theorem 4] shows the formulas. 

By ()4.3|h (|4.9|) . and [THl Proposition 2.10], we have fusion rules for M° as 
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follows. 

M°( £l ) ® Mf 1 x M fc °( £2 ) <8> Mf 2 = M fe °( £l + e 2 ) ® M t kl+k2 
M°( £l ) ® Mf 1 x M fc c ® Mf 2 = M fc c ® Mf 1+fc2 



t ) 



M£ ® Mf 1 x M fc c <g> Mf 2 = M ft (e) <g> Mf 1+fca + 2M fc c ® M t fcl 

£ = 

M fc °( £l ) <g> Mf 1 x AfrCri*)^) ® M t * 2 < Mt^)^ + e 2 ) ® M t fcl+/C2 , 

2 

M fc c ® M* 1 x M T (n ! )( £2 ) ® Mf 2 < ^ Mt^)^) ® Mf 1+fc2 , (4.10) 

e=0 

where fci,A:2 € Z3. Let iV be an irreducible V^-module. By Propositions 
(jUT}, (jOJ), and [Ml (3.25)], there exist irreducible M°-modules M N 
and Wn such that 



N = M N ® W N , 

N = W N , 

n = M N -r vvn 



W° xM N = W, 
W° x W N = M N + W, 



as M°-modules. and Wn are uniquely determined by N. 
By [Til Proposition 11.9], for V? -modules iV^JV 2 and iV 3 , 

f N 3 \ ( N 3 \ 

dimc v U 1 & J - dimc /m0 Uv* ^ J (411) 

and 

Jm0 (m n N m n2 ) ~ Im0 (m^ N m n ) ® hl ° (mZ N m n ) (412) 

as vector spaces. By (@~D), (jOJl . pTTljl . (14TT1) . and {EE), we have 

^L(o,ji)(£i) X ^(0,^2) (£2) < ^l(0ji+j2)(^1 + ^2), 
V L (o,j 1 )(€i) X Vj^Ccia) < V L ( c ,j 1 +j 2 ) , 



,31+32) 1 

£=0 

Vrtwofa) x V?V)N < ^-^(nOfiei + £2], 

2 

x Vf'V)N < J2 V L' k ~ in (^M (4.13) 



e=o 
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By Lemma [2.181 35J Theorem 2] and the same arguments as in (351 Lemma 
6], we have 

V L (o,j 1 )(Si) X V L (o,j 2 ) (£2) > V L (o, n +j 2 )(ei +£2), 

V L (o,j 1 )(ei) x V L (d 2 ) > V L (c,j 1+ j 2 ), 

2 

(e) + 2V i( (4.14) 

By dHHD and (l4~T4l . we have (jOjHjO)) . 

We shall show (|1~7|) . Let (c) 6 = (c, c, c, c, c, c) G /C 6 and (1) 6 = (1, 1, 1, 1, 1, 1) G 
Z3. Recall that C((c) 6 ) is the /C-code generated by (c) 6 and t((c) 6 ) and that 
.D((l) 6 ) is the Z 3 -code generated by (1) 6 (cf. Section 2.2). 

Then L 0x d((i) 6 ) and Lc((c) 6 )x-D((i) 6 ) are integral lattices by Lemma P2.12I 
By Theorem 13.121 

^W«x>.,(^0 © (8)^(-i)N- (4-15) 

k=o ( £l ,..., £6 )ez| «=i 

For j 1 ,k,e 1 ,e 2 G Z 3 , 

in vT'° (t) by (14.131) and (14.151) . Since VT'° (r) is irreducible, we 

have V Ln nfm , ■ V, T '*Yti)N® 6 = Vf'° (r) and 

^(cn)(£i)® 6 • Vf 'VON 06 = ' fc-il (n)[ei + ed® 8 (4.16) 
(r). Let pr, : VT'° ( 

L »XD((1) 6 )^ ' 1 1 ^OxD((l) 6 ) 

jection. For u G V^o,^^)® 6 ,-?; G Vf ,fc (ri)[e 2 ]® 6 , set f(u,x)v = pr^M,^. 
Then /(-, x) is an intertwining operator of type (v^J^^w ^f^^ a]ea)W ) 

for (V?r- Hence V)~(^£ )W> ^^ I<5a) J ^ ^ ™ and 

V , wft^! ,) ^ by [lU Proposition 11.9]. By flUHD, we have 

(14. 7j) for i — 1. We can show ()4.7)1 for z = 2 similarly. 
We shall show (jUBJ). By Theorem l3~P21 



in Vf '° (r). Let pr x : Vf '° (r) -> Vf ' fc-il ("7i)[£i + £ 2 ] 06 be the pro 



C-™h4 © ®vl--\^m- (4.i7) 

fc=0 ( ei ,...,e 6 )eZ| s=l 
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By the irreducibility of Vl C (( c ) 6 )x.d((i;) 6 )> ^ f°U° ws from (|2.17|) and (|4.13|) 
that 

6 

r®6 



s=l 



in V ^c(( C ) 6 )x C ((i )6 ) for Vi,---,Ve£ Z 3 . Therefore, 

= (®V L( o,o)(r ?s )-^ 1 ))-^ fc (r 1 )N c 



8=1 

6 

8=1 



• (y« • ^(rON 86 ) (4.18) 



T,0 

L C((< 

For ji, fc, e 2 G Z 3 , pT^l and pTTTjl imply that 



inV/ ,u (r). 

%) 6 )xfl((l) 6 ) 1 ' 



*2Efc> • Vf -*(r0 [e 2 r C © ® V?*"* (n) [ Sm ] 

(si,...,s 6 )eZ| m=l 

in Vf'° (r) and , • Vf'VON® 6 is a nonzero (VTO^-module 

since Vf'° (r) is irreducible. 

By (PTT31) and (HT7I) . we have 

' ^(co) (v s ) ■ v^in^r c (g) Vl ' fc ^(n)h - ifcj (4.19) 

s=l m=l 

in V £L 6 )xd((i) 6 )( t )- Since ®m=i Vf' fc " J1 (ri)[s m ], (si, . . . , s 6 ) G Z3 1 are all in- 
equivalent irreducible (V^ 1 ) 06 (= V L (o,o) (0)® 6 )-modules, there exists (s°, . . . , Sg) G 
Zg such that 

m=l 

by dUHl) . By (ETT51) and (l4"T9l . we have 

LWl ) • VP^ON 88 = <g) vf^Cn)^]. (4.20) 

(si,...,s 6 )eZ| "»=1 
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For a = (s h ...,s 6 )e Z|, Let pr s : V^^Jr) -> (g) 6 m=1 Vf ^(n)^ 

be the projection. For u E V^ c 6 w) ,t> <E V^' fe (Ti)[£ 2 ]® 6 , set f s {u,x)v 
pv s (u,x)v. Then f s (-,x) is a nonzero intertwining operator 

6 

_ ' T > fe /v ^ r ff _i®6 ^ T/^^-ii t 

m=l 



T fe— ji 

for (V L n )® 6 by g2DJ. Hence 7 y n ( y Vi * y^nl^]) is not Zer ° for 5 = °' X ' 2 
by [HI Proposition 11.9]. By (|4.13j) . we have 

2 

^n) x Vf fc (n)N =J2 V L k ' Jl (n)[s}. (4.21) 

£ = 

We also have 

V L<Ml) ( ei ) x Vf' fe (n 2 )[£ 2 ] = Vl ^(n^pex + ea], 

2 

*W) x Vf ^(n 2 )^] = £ V?**^] (4.22) 



e=0 



using the same arguments. □ 

Remark 4.5. We can show that the equalities hold in the last two formulas 
in flUHJ) as follows. For i = 1, 2, e 2 G Z 3 , 

2 

M fc c <g> M t ° x M T (r 1 i ) (e 2 ) ® M° < ^ M T (r 1 i ) (e) <g> M t ° (4.23) 

e=0 

by dUrnj). By (jH} and (jOjl . M£ <g> M° is an M°-submodule of V L (c,o) and 
M r (ri*)(e 2 ) <g> M t ° is an M°-submodule of V^'ViON- By fjOjl . (jOHJ, 
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Proposition 14.41 and ^TJ Proposition 11.9], we have 

V?V)[e] 



1 = dim c J v n l t/ _ t/Tj0/ 



< dimc J M o ^ M? L M l\J ){£2) g, M o 



+ dim c I M o ' 



= dim c Jjuo 
< 1 

for e = 0, 1, 2. Hence we have 



M fc c ® M t ° M r (n ! ) (e 2 ) ® M t ° 



M fc c <g> M° x Af T (ri i )(e 2 ) <g> M t ° = J] Mr^Xe) ® M°. (4.24) 

e=0 

By ()4.3|) and [THJ, Proposition 2.10], we have 

2 

M fc c x Mrfa^fo) = J^Mrfa'Xe) (4.25) 



e=0 



since M°(0) and M f ° are rational vertex operator algebras. We can show that 
il^O x M T (n% 2 ) = M T {r 1 l ){ie l +e 2 ) 

similarly. 



5 Modules of V^ £ 

Let i be a positive integer. In this section, we discuss VT^-modules and we 
shall determine some fusion rules for VJ @l . 

By Proposition 14.11 and [T%1 Proposition 2.7], (V^ 1 )®^ is a rational and 
C*2-cofinite vertex operator algebra. Moreover, 

{U l ®---®U e \U\...,U e are irreducible V^ 1 -modules} (5.1) 
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is a complete list of irreducible (V^ 1 )^- modules. Set 

p = {U 1 ®---®U t \U 1 ,...,U t e {V L(0 ,i) (e), V L(c>j) \ j,e e Z 3 }}, 
Vi = {U 1 ®---®U £ \U\...,U £ e {^(n)[£] | fc, e e Z 3 }}, 

V = V U Vi U Pa- 
Set ^ = {(ti* 1 , . . . , n*'- 1 , 1) e | ii, . . . , e Z}. Then acts on 

naturally and (V^)^ = (V^)®*. 
For i = 0, 1, 2, c and j = 0, 1, 2, set 

y.. = J Vt(o,i)(») if i = 0,1, 2, 
8 ' j 1 VtW) if i = c. 

Fbr £=(&,...,&) e {0,l,2, C y and T =( 7 i,...,7,) e Z|, set 

v 5 , (g)n.-- 

i=l 

For any ^ A = (Ai, . . . , A«) e 7 = (71, • • • , 7/) e z i and r = °, 1, 2, 
we have 

£ =( £l )ez| 

eiH h£f=r 

ee{o,i,2, c y 

supp K (^)=supp K (A) 

as (yi 1 )® 1 - modules by Lemma 12.171 In particular, we have 

VSw= © V p , (5.3) 

P=(Pi)6Z| 
PiH \-pi=0 

as a (V^^-module. 

We shall define an action of Hi on the irreducible r*-twisted V/^-modules 
V^I(t % ), rj — (771, ...,%) G Zg defined by (|3.36j) in the case where both C 
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and D are {0}. By Theorem 13.121 we have a decomposition 

(ei,...,e f )eZ| rn=l 

as (V^ 1 ^-modules. For # = . . . , n«) G ff* and u G ®^ =1 V L T,r?m (r 1 i )[£„ 
define ^ 

v) = C 3 u 

and extend ^(u) for arbitrary t> G V^ e (r l ) by linearity. Then by Proposition 
El PI Proposition 2.10] and (Q, we have 

Y T \gu,x)gv = g(Y T \u,x)v) 

for g G i^w G V^e* and v G V^^(r*). Therefore, we have 

YSS(^) o ^ = g-\V^)) = V%K<r*) (5.4) 

as r*-twisted V^-modules for any rj G Z| and g G i/g. We have already seen 
in (l2~2THl that 



^ ) °^^ 1 (^ j7) ) = y i(g _ 1(A)iT) (5.5) 



as V^-modules for A G /C £ , 7 G Z3, and ^ G iff C G^. 
Hence for any / A G /C f , 7 G Z|, £ = 0, 1, 2, and g G 

V L{0ri) {e)og^ V L(0 Je), V L[Xri) og^ V L(g _ 1{X)n) , 

V^M l Mog = V^)[e] (5.6) 

as V£® e -modules. 

Lemma 5.1. Let N be an N-graded weak V^-module. Then any irreducible 
(V^ 1 )® -submodule of N is isomorphic to an element ofV. 

Proof. Let U be an irreducible (V^ 1 )® -sub-module of N. By (J5.1|) . there 
are irreducible V^ 1 -modules U 1 , . . . , U e such that U = U 1 ® • • • ® £/ £ . Set 
S* = • [/. For the same reason as in [36, Proof of Lemma 5.2], S is an 
ordinary V^ ffi< -module. Moreover, Y^(v,x)U 7^ for any nonzero v G V£ ml . 
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Set 

Q = {ie {1,...,^} | IP e{V L M)(e),V L (cj) \j,eeZ 3 }}, 
Q 1 = {ie{l,...,£} | C^e{y5*(r 1 )[e] | fc,eeZ 3 }}, 

Q 2 = {ie{i,...,*} | CT6{y5*(n 2 )[e] | k,eez 3 }}. 

Let be the Virasoro element of VP- . By the eigenvalues of (ujl)i 
on the top levels of irreducible V^ 1 -modules are 






fory i(0 , 0) (o), 










1 


for %,o)( £ )> 




£ 


= 1,2, 




2/3 


for 






= 1,2,5 = 


0,1,2, 


1/2 


for Vl (Ci0) , 










1/6 


for VL, cjV 






= 1,2, 




1/9 


for y/'Vi l )[0] and y L Tj 'i 


(n')[2], 


i 


= l,2,j = 


1,2, 


4/9 


for yf ,0 (ri i )[2] and y/ J i 




i 


= l,2,j = 


1,2, 


7/9 


for y L T ' (n l )[l] and y/ J i 






= 1,2,J = 


1,2. 



(5.7) 



Let W 1 be an irreducible V^-module and let W 2,r ,r = 0,1,2 be the 
irreducible V^ 1 -module determined by the fusion rule V L (o,o) (r) x W 1 = W 2,r 
in Proposition 14.41 Let Ai and A 2jr be the eigenvalues of (u>l)i on the top 
levels of W 1 and W 2,r , respectively. By (|5.7j) . we have 

r o, ifTy 1 e{y i( o^(e),y L (c J ) u £ = 0,1,2}, 

A 2 , r - Ai = < 2r/3, if^efyj'^n)^] I j,e = 0,l,2}, (mod Z) 

( r/3, ifV^GOf J (n a )[e] | j, £ = 0,1,2}. 

(5.8) 

Let us be the Virasoro element of V[ @e . Assume that Q s ,Q t ^ 0, s ^ t. 
Take i s £ Q s and i t £ Qt and set p = £ Z| by 

{1 if i = z s , 
2 if i = i*, 
otherwise. 

By (Q, y Pi0 is an irreducible (y L ri )^-submodule of V[ m . Using (Oil - 
Proposition 14.41 and [TBI Proposition 2.10], it is possible to show that S 
has a (V^^-submodule such that the difference of the minimal eigen- 
values of iO\ in W and in U is not an integer since 7^ V p>0 ■ U C S. This is 
a contradiction. Hence the assertion holds. □ 
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Lemma 5.2. Let N be an N-graded weak VT^-module. Let M be an irre- 
ducible (Vp-)®* -submodule of N and N 1 the V^-submodule of N generated 
by M. Then N l is isomorphic to one of the following inequivalent irreducible 
V^i-modules. 

fiJ14 (OiT) (£) ;7 GZf,£ = 0,l,2. 

(2) V L(Xi) ,o^\e(}C% T , 1 eZi. 

(3) V$(f)[e], v e Zf,i = l,2,e = 0,1,2. 

Proof. By (15. 5|l . we have 

V h 0n) ° t = V L(0 i) , V L(Xn) o r = V L{t _ 1W i) ^ V L(Xn) 

as V^-modules for ^ A G /C £ and 7 G Z3. By (15. 4|) . we have 

vBLtf) o r = r-\V^)) = V3S(^) 

as r*-twisted V^cw-modules for 77 G Z|. Hence by j^U Theorem 2], the V[ 9i - 
modules in the above list are irreducible and inequivalent. 

By Lemma EH M G V. Suppose M G V , that is, M = V£ i7 ,£ G 
{0, 1, 2, c} e , 7 G Zf. By Proposition IP and [THJ Proposition 2.10], 

V p , x = V p+ ^, p G Z £ 3 . (5.9) 

Set 5 = {p+£ G {0, 1, 2, c}* I p = ( Pi ) G Zf , ^ti Pi = °}- B Y Q and (Q, 
A^ 1 = QjizjMi as a (V^ 1 ) ^-module, where M J is isomorphic to V u j n , v 1 * G H, 
since (V^ 1 )® is a rational vertex operator algebra. 

We can take M jl = M for some j 1 G J. Let pr^ : N 1 M j ,j E J 
be projections. For any j e J,u <E V Pt o C V^ 0f ,f G M, define fj{u,x)v = 

pij(YN(u,x)v). Then G I^i^t (y^ M ) • For each ^ G H, we see from 
()5.9|) that there is at most one j E J such that M J = V^ )7 (cf. [SHI Proof of 
Lemma 5.6]). 

Assume that V Pt0 ■ M = for V p $ C V^ ffi «. Then 

= Vl m ■ (V Pt0 ■ M) = (V[ me ■ V Pt0 ) ■ M 
= V[ ml ■ M ) M 

since V£ @i is simple. This is a contradiction. Hence 7^ V Pt0 ■ M, and 
consequently V Pj0 ■ M = V p+ ^ n as (V^ 1 ^-modules. Therefore, we have 

^ = 0K, 7 (5.10) 
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as iYl 1 ) ^-modules. Applying the above arguments to V^-module N 1 , we 
obtain that A^ 1 is irreducible. 

By |2U[ Theorem 6.14], if two irreducible V^-modules W l ,W 2 have an 
isomorphic irreducible (V^ 1 )® -submodule, then there exists g G He such that 
W 1 og = W 2 . Hence by and (Q, N 1 is isomorphic to V L(Q (e), e G Z 3 

For i = 1,2, we see from Theorem 13.121 that every irreducible (V^ 1 )®^- 
module in V% appears in the irreducible Vj^-modules listed in (3). Hence it 
is possible to show that if M G V h then N 1 = V^r^fe],^ G Zg,e G Z 3 
similarly. □ 

Proposition 5.3. zs a simple, rational, C 2 -co finite, and CFT type ver- 
tex operator algebra. The following is a complete set of representatives of 
equivalence classes of irreducible V^-modules. 

(1) V L(0i) (e), 7 e^, e = 0,l,2. 

^^ (A , 7) ,0^AG(/C% T;7 GZ|. 

Vf'VM v e Z|,i = 1,2,5 = 0,1,2. 

Proof. By (15. 2 j) and 5J, V^" ffi< , is a C 2 -cofinite vertex operator algebra. The 
classification of irreducible -modules follows from Lemma f5. 21 

We shall show that VT W is rational. Let A" be an N-graded weak V£ ei - 
module. Let M be an irreducible (V[ l ) -submodule of N. Then the V[ @i - 
submodule of A" generated by M is irreducible by Lemma 15.21 Hence we 
conclude that V£ ml is rational. □ 

Set K, = {0, 1, 2, a, b, c}. Define a commutative multiplication on /C by 

i+3=i + j (mod 3), i,j = 0,1,2, 

j + x = x, j = 0, 1, 2, x = a, b, c, 

x + x = 0, x — a,b,c, 

a + b = c, 6 + c = a, c + a = b. 

Define an action of T\ on K by ri(a) = b, Ti(b) = c, ri(c) = a, and Tx(j) = j, 
j = 0,1,2. Note that this action of T\ preserves the multiplication on K,. 
Since Se_ acts on K, e by permuting the components, Ge_ acts on K naturally. 
For A 1 , A 2 G K , we write A 1 = r A 2 if A 1 and A 2 belong to the same orbit of r 
in K . We denote by ()C e )= T the set of all orbits of r in K} . For a r-invariant 
subset P of /C £ , P= T denotes the set of all orbits of r in P. 
We compute some fusion rules for V£ @e . 
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Proposition 5.4. Let A 1 , A 2 be nonzero elements of K} such that A 1 ^ T A 2 , 
7 1 , 7 2 , 77 G Zg, i = 1,2, and £%, e 2 = 0, 1, 2. Then 

2 

^(Al,^) X ^(X2, 7 2) = 5Z^ L (Al + ^(A2), 7 l +7 2)' ( 5 - 13 ) 

3=0 
2 

% li7l) x V L{xhj2) = X>W +<y2) (e) + 2% li7l+7a) , (5-14) 

e=0 

%,^,( e x Oon = ^r i7 V)[^ + £ 2 ], (5.15) 

*W> X 0^)N = E ^ST*V)[e]. (5-16) 

Proo/. We shall show (f?TT3|t and (jSHD- For s = 1,2, set £ s = G {0, c} 1 

by 



«-{ 

By (Q, V v<f is a (V^^-submodule of V L(XS iS) and 



if Aj = 0, 
c if A* = a, b, c. 



2 ^,2 

ciH h£<?=r 



Take 7 € Z| such that 7 1 + 7 2 7^ 7. By Proposition 14.41 and [TBI Proposition 
2.10] we have 

Ve, 

for all e G Z|. By [TT) Proposition 11.9], we obtain 



^ V%i, 7l) ^ {A 2, 72) y %7 2 

dim c / (y n )W ( ^ )=0. 



, , \ 'e 1 ,! 1 v ? 2 ,7 2 

e =( ej )eZ| 
siH h£^=r 
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For the same reason, we can show easily that 



V f T , M r 1=0 (5.17) 

for all M G* {V i(Ai7l+72) ,y i(0 , 7l+72) (r) | ^ A G (/C%„r = 0,1,2}. 

Set 73 = 7!+ 7 2 . Set 7^ = {/i(A l ) G (JC% T | /1 G and Si = 
{ V L (liiji) ^ e ^} for z = 1,2. Note that 7^ = {/i G (£% T | sup P/c (/i) = 
supp K (A<)}. Set S 3 = {V^,, V W) (e) | ^ A G (tfj^e = 0,1,2}. 
For 2 = 1,2,3, «Sj is a instable set. Set 7* = {Vx t 4 },z = 1,2 and = 

{Vb 3 (e) I £ = 0,1,2} U {Vl 3 | ^ A G {0,c} £ }. Note that for each 
i — 1, 2, 3, 7^ is a complete set of representatives of if^-orbits in <Sj. 

We need some preparations to use the results in [20] and [35]. We follow 
the notation of [20J. Set M.i = ©m^M C Vr^mt. Note that Hi acts on 
M.i. Define a vector space C<Sj = ©M65,e(M) with formal basis e(M), M G 
<Sj. The space CSi is an associative algebra under the product e(L)e(M) = 
8L,M e (M). Define the vector space A(Ht,Si) = C[Hi] <S> CSi with basis 
g ® e(M) for g G Hi and M G <Sj and a multiplication on it: 

g ® e(L) • /i <g> e(M) = ^ ® e(/i _1 (L))e(M). 

Then A(Hg, Si) is an associative algebra with the identity element ^2 MgS . 1® 
e(M). We define an action of A(Hi, Si) on M.i as follows: For L,MESi,wE 
M and g G He, we set 

g ® e(L) ■ w = 5i,Mgw. (5.18) 

A complete set of representatives of equivalence classes of irreducible A(Hi, Si)- 
modules is given in j20J Theorem 3.6]. We shall describe those irreducible 
A(Hi, Si) -modules. 

For £ G {0, 1, 2, c} , Ce(£) denotes a vector space with formal basis e(£). 
For M G <Sj, set a subgroup (Hi) M = {g E H e \ g(M) = M} of and set 
subalgebras s(M) = {g ® e(M) | g G (H e ) M } and 7J(M) = {g <g> e(M) | 3 G 
if^} of A(Hi,Si). Note that s(M) is isomorphic to the group algebra of 
{Hi)m- 

If M = V L(Xi) K, 1 , 7 G Z|, then 

^ , = {(n* 1 , . . • , T\ l ~ x , 1) e ^ I z* = for all fc G sup P/c (A)}. 
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For £ = G {0, 1,2, c} e with supp^(£) = supp^A), define an action of 
s(V L{x J on Ce(£) as follows: For g = (r^, . . . , r^, 1) G (#/)v £(Vr) , set 

O"(ss0 = ife ^ fc (mod 3), 

^e(^ 7) )-e(0=C3 (9 '°e(0- 

Set P(V L{X J = {£ G {0,l,2,c} £ | sup Pjc (0 = supp^A)}. Then it is 
clear that {Ce(£) | £ G P(Vi, (A } )} is a complete list of irreducible s(Vj, (A 5 )- 
modules. 

If M = V^ (0i7) (e), 7 G Z|,e G Z 3 , then (^)^ (0/y) ( £ ) = For £ G 
{0,1, 2}^, define an action of s(Vl, Ae)) on Ce(£) as follows: For g = 

{n i \...,T 1 i *-\l)e{H e ) VL(o ^ £) ,set n 

^e(Vi (o , 7) (,))-e(0 = Cf'-"- 1 ' 0) ' f>Z3 e(0. 

Set 

l 

P(V ho Je)) = {Z=(Z h )e{0,l,2Y\ ^C fe = £ (mod 3)}. 

fc=i 

Then it is clear that {Ce(£) | £ G P (Vl (0 . (e))} is a complete list of irreducible 
s(V L(0 7) (e))-modules. 

Set P = P(Vl ) for i = 1,2. Then 

®.cv W) > Ce (0 I £ e ^> ( 5 - 19 ) 

is a complete list of irreducible A ( iff, <Sj) -modules by Theorem 3.6]. 
Moreover, 

2 

£ = 

u U P(^W,) ®-Cv V7>) ) Ce (0 I £ e ^w,)} ( 5 - 2 °) 

o^Ae{o,c}^ 

is a complete list of irreducible A(He, 5 3 )-modules by [2UJ Theorem 3.6]. Note 
that 

2 

{0,l,2,cY={JP(V L{orj3) (e))U |J P(V W) ); disjoint. 

e=0 o^Ae{0,c}« 
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We denote {0, 1, 2, c} 1 by P 3 . 

For i = 1,2, 3, we write for an irreducible A(He, S^-module D(M)<S> s (m) 
Ce(£) in (|5.19jl and ()5.20j) since they are parametrized by £ G Pj. 

For M E Si, since 



|iV(#< 



3 wt K (A)-i if ]Vf = 1/ L(A 7) ,0 / AG K} , 7 G Zg, 
1 if M = V L(0 "(e) >7 eZ§,e = 0,1,2, 



is of dimension 3max{o,wt K (e)-i}_ 
We have 

M; = Wi,f ® Hom^ i5i) (W / ii? , TWi)- 

asa^^^OOcCy^J^-modulefori^ 1,2,3. Then Hom^ )Si) (W^, A^O, £ G 
Pj are nonzero inequivalent irreducible (V^ 1 )® -modules by Theorem 
6.14]. 

For any VT^-module M in % and any nonzero v G V^ 7 »,£ G P«, in the 
decomposition ()5.2|) of M, it is clear that the A(Ht, <Sj)-submodule of M. { 
generated by v is isomorphic to W^. Hence there exists a unique f v G 
}iomA(Hi,Si)(Wi t £, M.i) such that f v (l <S>e(£)) = t>. Note that the map dh/„ 
is linear. Therefore we identify Honvi^s^W 7 ^, A4i) with Vg i7 i and we write 

M = ©%®%. (5.21) 

Sep 

For any (GP; and any nonzero G V^y, it is possible to take a basis 
{w l i | j = 1, • • • , dime Wi^} of such that for all j = 1, . . . , dime 
w l i <g> f * is an element of an irreducible VT^-module in «Sj and for all j 7^ k, 

<S> and w tk <g> f ^ belong to different irreducible -modules. 

Set 

/ s.f3 \ 

J = © 7 V M i M2 ®cM^ c M 2 . (5.22) 

(M 1 ,M 2 ,M 3 )e5ix52X<S3 V 7 

Let ilP G <S, for i = 1,2, 3. For / G lyr^ ( M f ^2) and # G PT £ , we define 
,/ G V^^^,) as follows: For u G ^(M 1 ), -y G g(M 2 ), set 



.9 



f(u,x)v = g(f(g l u,x)g 1 (v)). 
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We define an action of As(Hi, S 3 ) as follows: Let M l G Si for i = 1,2, 3. For 
g ® e(M) G A 3 (H e , S3), v G M 1 , w G M 2 , and / G GAO > set 

(g ® e(M)) ■ (/ ® v ® u>) = 5 MjM 3 • g / ® ^(v) ® ^(tw) 

Let £ l G Pj for z = 1,2. Fix a nonzero v l ° G V^y. Set 

^(£\£ 2 ) = span c {/ <g> w 1 ® f 10 <g> w 2 ® w 20 Gl I w 1 G W u i,w 2 G W^}, 

(5.23) 

which is an A(He, ^^submodule of X. It follows from the comments right 
after ((SHU) that 

dim c Z(e\a=£ £ tencIvrJ ^ )• (5-24) 
We have 

^(£\£ 2 ) = W u ® Rom A{HetS3) (W u ,I(e,e)) (5.25) 

as A(He, ^-modules. By jS3 Theorem 2], we have 

dim c Hom^ £ , l s 3 )(^3, f ,X(e 1 ,e 2 ))<dimcVn )W f V % ) (5.26) 
for £ G P3. Set 

E K \a = {? = te) £ {0,l,2,e}'| 6 j| J %| { j ={ j = c} } 

and 

sce 1 ^ 2 )* = {£ = &) g s(£\a 1 10 1 § = e 2 = & = c}\ = k} 

for nonnegative integers k. Note that (H^ 1 , £ 2 ) fe | = 1 ^=^ =c}l )3 l{i 1 £Mi= c H-* 
andfor£GH(£\£ 2 ) fc , 

wt«(o = wt^^ 1 ) + wt^a - 210 1 ej = e 3 =c}\+ k. (5.27) 
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By Proposition 14.41 and JTHJ Proposition 2.10], we have 

dimcV ?)S ,( y ) - { o, if£^\a (5 - 28) 



for£e{0,l,2,c}< 

By Lemma I2.18| [331 Theorem 2] and the same arguments as in 35 
Lemma 6], we have 



2 



Vl , , x Vl 2 2 > V Vl , .,„,,-, (5.29) 

3=0 
2 

*W, x *w, ^ E ( £ ) + 2V w^> • ( 5 - 3 °) 



£ = 



We shall compute the dimension of X(^ 1 ,^ 2 ) in two ways using ()5.23|) and 

Case 1. We deal with the case supp AC (A 1 ) ^ supp yc (A 2 ). Note that gi(\ l ) ^ r 
# 2 (A 2 ) for all g u g 2 G ^ and wt^) > for all f G S^ 1 ,^ 2 ). By (ET24]) and 
(157231) . we have 

dim c X(£\£ 2 ) > 3dimc W u i dim c W 2 , 2 = s^Ca+wt^ 2 )-!. (5.31) 
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By (IH~25T) - (I5~2%J) . we have 
dim c J(^,f) 

= ^2 dim c ^3,^ dim c Hom^ i( s 3) (W / 3 i? , T(f x , £ 2 )) 



< £ 3^(0-1 dime ^ 
= ^ ^ 3 wtK(?1)+wtK(€2) " 2|{j 1 «]=€ J 2=c )l+ fc - 1 2 fc 

\{j | £l=£?= c }| 

1 ^ = ^ = c}l ) 3 '° 1 e ^ =c}M 

fc=0 v ^ / 

x 3wt K (5 1 )+wt K (C 2 )-2|{j | 3=$=c}|+fc-l2* 

10 I 6 =C? = c}| 



E 

fc=0 



5 J 

k 



x 3wt K (^)+wt K (C 2 )-|{j I ^=^= c }|-l 2 fc 

_ 3wt K (? 1 )+wt K (5 2 )-i ^ 22) 

By lOTJl and (ET32|) . we have 

dim c X«',a=E E d ™c%.,( M ' ) 

_ 3wt K (C 1 )+wt K (5 2 )-l 

and consequently ()5.17|) gives that 

2 

^ L (Al, 7 l) X ^(A2, 7 2) — ^ ^ L (Al+rJ(A2), 7 l +7 2)' 

Case We deals with the case supp /c (A 1 ) = supp K: (A 2 ). Note that = £ 2 
in this case. By (jHUlj), and (|ODjl . we have 

dim c 1{i X , £ X ) > 5 dim c Wi^i + 3 dim c Wi^i (dim c Wi^i - 1) 

= 3 2wt K (c 1 )-i + 2 . 3 wt K « 1 )-i_ ( 5 _ 33 ) 
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By flEZ5H52B|), we have 
dimcX^ 1 ,^) 

< ^ 3m ax { 0,wt K «)-l} dimc/( . f 



wt/c(£)^0 



+ £ dimc/^( ^ 

vrt K (O=0 

wt K (^) 

_ 3 fc_1 2 fc + 3 wt K(^) 

k=l tG£{p&) h 
fe=l ^ ^ ' 

_ 3 2wtK(5 1 )-i + 2 . swt^ce 1 )-^ 

By (15331) and (EMI), we have 

dim C X(^e 1 )=E E ^Vj, „ 

_ 3 2wt K (c 1 )-i _|_ 2 . 3wt K (€ 1 )-i 
and thus it follows from (|5.17|) that 

2 

j=0 
2 



+ 7^) 
£=0 



We have obtained (lo~T3J) and (l5~T31) . 
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We shall show ([5.16)1 . It is easy to show that 

M 



M^.^mn^ (5 - 35) 

for all M ^ V^T yl {r)[r],r = 0, 1,2, by Proposition 0~1 and 18 Proposition 
2.10]. We shall show 

VW) X ^WN>ES" 7l (r)[ £ ]. (5.36) 

e=0 

Set // = (A 1 )® 6 G /C 6£ and 5 = (7 1 )® 6 G Zf . Recall that C(p) is the /C-code 
generated by /x and r(/i) and that -D(<5) is the Z 3 -code generated by 5 (cf. 
Section 2.2). By Lemma 12.121 £c(»xD(5) is a r-invariant even lattice. Let 
77 = (rji) G Z| and set fj = (fji) = r?® 6 G Z^. 

Consider a vertex operator algebra Vr„, , and a r-twisted Vr„, , 

module VT'^ (r). For s = 0, 1, 2, it follows from Theorem 13. 121 that 



ri,...,r M GZ 3 i=l 

© (g)V^(ri)N (5.37) 

ri,...,r 6 ^eZ3 i=l 

as (V L Tl )® 6£ -modules. 

By Proposition 15.31 and (TBI Proposition 2.7 and Lemma 2.8], (Vj^)® 6 is 
rational and {U 1 <8> • • • ® U 6 \ U 1 , . . . , U 6 are irreducible V^-modules} is a 
complete list of irreducible (V^" ffi ^)® 6 -modules. 

Comparing ()5.37|) with the decompositions of irreducible V^-modules as 
(Vl 1 )® -modules in Theorem 13 . 1 21 and ([5.2)1 . we have 



S1,...,S6&3 »=1 



(8)^r 7l (r)h] (5.38) 



91,... ,566^3 i=l 
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as (V^^-modules. 

By Proposition 14.41 and (J5.37j) . 



si,...,S66Z3 i=l 

in Vf" (r). 

Since V r T ''' (r) is a r-twisted irreducible Vl„, , -module, VP e 

(^L^<( r ) [ £ 2]) <X ' 6 is a nonzero (V^" ei )® 6 -module. Hence there exists (s°, • • • , s°) € 
Zf such that 



l „ ^ ' WSSOON) 4 * ® vST'Cr)^?] (5.39) 



i=l 



By Proposition 14.41 and (|5.37j) . for z/ 1; . . . , z/ 6 G Z 3 , 



^W*.) • V^ e (r)[e 2 r C ® ^(r)[e 2 - Vs ], (5.40) 

s=l 



and 



s=l 



' W^'H^C -^(r)N^) (5.41) 



S=l 



inV?" (r). 

By (OTIl) - (l5~4T|) . we have 



V^ W) -VS3WN 86 = © ®^r 7l (r)N. (5.42) 



si,...,sq€Zs i=l 



Using the same arguments as in the proof of (|4.8JI in Proposition 14.41 we have 

Take # r stable sets 5 2 T = {Vg2(r)[e 2 ]} and S 3 T = {V^r^MM | r = 
0, 1, 2}. For each i — 2, 3, define an associative algebra A(Hi, Sf) = C[Hi] ®c 
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CSf in the same way as A(Hg, Sk), k = 1,2,3. We define an action of 
A(H e ,S?) on Mf = 

©mg5 t ^ i n the same way as (|5.18j). 

Note that for M G Sj , \h e ) m = {g G H e \ g(M) = M} equals M. Set a 
subalgebra D(M) = {g <g> e(M) | </ G #*} for M G <Sf of .A(# € , <Sf). 

For £ G {0, 1, 2} £ , define an action of D(M), M G Sf on Ce(f) as follows: 
For = (nV . . , ri^-S 1) e set 

^e(M)-e(0 =Cf '-' if - 1 ' ° U>Zs e(0- 
Denote the £>(M)-module Ce(£) by Wj. Set 

J'(VS2(r)[r]) = P(ygr rl (r)[r]) 

i 

= U = (6) e {0,1,2}^| J]^ = r ( m od3)} 

fe=i 

for r = 0, 1, 2. Note that 

2 

{o,i,2}' = U p (^r 7 V)M); dis J° int - 



r=0 



Set P 2 r = P(yS?(r)[e 2 ]) and P 3 r = {0,1, 2}'. Then {Wj | £ G if} 
a complete list of irreducible A(He, <S 4 T )-modules by [20J Theorem 3.6] for 
% = 2,3. For £ = (&), 7= (7*) e {0,1,2}', set 



is 



C = (8)^ T,7fc (ri)[a]. 

For the same reason as in the proof of (j5.21|) . we have 
as an A(H(, and A(He, iSj )-module, respectively. Set 

(M 1 ,M 2 ,Af 3 )eSix5j , xSf V 7 
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Let {j 1 G Pi = P(Vl (a i iJ an d £ 2 G P 2 T - Fix nonzero elements i; 10 G Vfi )7 i 
and w T ' 20 G V^ v . Set" " 

= span c {/ <g> w 1 <g> v 10 <g> w 2 <g> v T ' 20 G T T \ w 1 G w 2 G W 2 T ?2 }. (5.43) 

Applying the same arguments as in the case of ()5.13|) and ()5.14|) , we have 

dim c x T (e 1 ,e 2 ) = 3 wt ' c(§1) . 

Therefore, (|5.16|) holds. 

The other formulas can be proved similarly. 

□ 

6 Modules of VT 

L OxD 

Let D be a self-orthogonal Z 3 -code of length £. In this section, we dis- 
cuss V[ QxD -modules. Note that V[ QxD = © 7 g.dVl (0 7) (0) as V^-modules. Let 
7^), . . . , 7^ be a basis of Z| such that 7^, . . . , 7^ is a basis of D. 

For j = 1, . . . , £, define a linear transformation Xj on V^i±)@e = ©<5eZgVz. K * x 

as follows: For u G Vl c/x ,,£= Z)LiP*7 (A:) e Zf, set = CaN- 

Note that Xj is an automorphism of Vl QxD for j = 1, . . .,£. Let $£> be 

the automorphism group of Vl 0xD generated by xi? ■ ■ • ,Xd- Since V£ is 

an eigenspace of r and r commutes with $^ is also an automorphism 

group of V[ oxD . Note that (V^J** = V L(oo) (0) = V^. 

Note that for j = l,...,d, A G ^,7 G Z|, Vj, Ax(7+D) is a Xj-invariant 

subspace of V{x-L)e/ and 

<5S-D 

is an eigenspace decomposition for It is clear that (jfi.lj) is a decomposi- 
tion of Vl, , , n s as a Vre*-module. We also have 

Vl 0x( , +d) (s) =$^ (0 , 7+S) (4 £ G Z 3 , 7 G Z$, 
<5eD 

^W n) = 0VL (x>TH) , Ae£, 7 eZg (6.2) 
8eD 
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as V^ef-Hiodules. 

For A G )C e , 7 G D L ,u G V LoxD ,v G V^ x(7+D) , we have 

Yv r (Xi u i x )Xi v — Xi(Yv T (u,x)v). 

Hence we have V Lxx(j+D) o Xj = xj 1 (Vl Ax(7+d) ) = Vl Ax(7+d) as V LoxD -modules 
and 



as Vr r -modules. 

^OxD 



We discuss the structures of V2" oxD -modules V^'^ o (r l )[r], 77 = (rjk) G 



£) , % = 1,2, r G Z 3 as V/^-modules. By Theorem 13.12 



VS'LC^M- (8)^ fc " 7fc (ri' ; )N (6-3) 



( 7 i,...,7f)eD ei ,...,e^eZ 3 fe=i 
ei-j \-se=r 



as (V^ 1 ) ^-modules. Comparing (|6.3|) with the decompositions of irreducible 
V^-modules as (V^ 1 ) ^-modules in Theorem 13 . 1 21 and (|5.2|) . we have 

(^) M = VSTV) [r] (6.4) 

7£D 



as V^-modules. 



For j = !,...,£, define a linear transformation Xj on ^Lo xD ( r *)[ r ] as 



follows: For v G V^S (r*) [r] , 5 = E k =iPkl (k) e Z l 3 , set = C 3 ~ 

By Proposition 15 A\ we have 

Y v t, v (Ti]l JxjU,x)xjV = xj(y v T* (Ti)l Ju,x)v) 

L OxD K Jl ' L OxD v n 1 

for u G V^ 0xI5 and t> G ^L ' xD (' r *)[ r ]- Hence we have 

and so we can define an action of $a on ^ / L 0xI3 (' rl )[ r ]- Then it is clear that 
(|f).4jl is also an eigenspace decomposition of D (T l )\r\ for 
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Lemma 6.1. Let N be an N-qraded weak VT -module and let M be an 

irreducible V£® e -submodule of N. If M is isomorphic to V/,„ .,0 ^ A G 

/C £ ,7 G Z e 3 , then 7 G -D -1 . // M zs isomorphic to V^ t {r % )[e],i = 1,2, e G 
Z 3 ,7] G Zg, then rj G .D . 

Proof. Let ojl be the Virasoro element of VI 1 . For i — 1,2 and j,k,e,<E 
{0,1,2}, let (lU 1 ,^ 2 ) be one of (V^e), V^+^e)), (V^), V^ (c , J+fc) ), or 
(yL ,J ( 7 i < )[e] > V^ ,,+ *(ri i )[e]). Let A s be the eigenvalue of (0^)1 on the top 
level of W s for s = 1, 2. Note that 

^ ( o,- fc) (o) x = w 2 if (w\ w 2 ) = (v^inMv^inm, 

V L(0 ,k) (0) x W 1 = W 2 otherwise. 

by Proposition IP1 and that A 2 - Ai = (jk + 2k 2 )/?, (mod Z) by (pTTj) . We 
have already obtained a decomposition of every irreducible V^-module as 
a (V^ 1 ) ^-module in Theorem EH21 and Q • 

Now the proof is similar to that of Lemma l5~Tl since V L (o,7 1 )(0) (g) • • • ® 
V L (o, 7/ )(0) C V[ QxD for 7 = (7j) G -D and .D is self-orthogonal. □ 

Using the same arguments as in the proof of Lemma f5. 21 and Proposition 
15.31 we can show the following theorem. Indeed, we argue for V[ D ,V£ @ i, 
and in place of V£ 9l , (V^ 1 ) , and if^ in Section 5, respectively. 

Theorem 6.2. Let D be a self-orthogonal 1^-code of length i. Then V£ D 
is a simple, rational, C^-cofinite, and CFT type vertex operator algebra. Let 
D I D = |J™ =1 (p J +D) be a coset decomposition. The following is a complete 
set of representatives of equivalence classes of irreducible V[ -modules. 

WVw^Ce), 3 = 1,-..^ . = 0,1,2. 

( S ) V ^ +D y 0^AG(/C% T , j = l,...,m. 

( 3 ) V Lo^ rl M i — 1,2, j — 1, ... ,m, e — 0,1,2. 

We compute some fusion rules for V7 which will be used in Section 

7.2. 

Proposition 6.3. Let A 1 , A 2 be nonzero elements of K} such that A 1 ^ T A 2 , 



65 



7 1 , 7 2 ; V G ^3; * = 1, 2, and e 1( e 2 = 0, 1, 2. JTien 

^ox (7l+D) ( £ i) x Vb 0x(7a+Z}) (e2) = VL 0x(7l+ya+D) (e 1 + e2), (6.5) 



2 

^ A 1 X(7 1 +I5) X ^ A 2 X(7 2 +D) — ^ L (Al+ri(A2))x(7 1 +7 2 + D)' 



J=0 
2 

£=0 

(6.8) 

Vw +D) (*i) X <'x.(^)N = ^V)^ + ej, (6.9) 

x n = xx^m (6.io) 

£=0 

Proof. We shall show (|b.7|) . By Lemma [2.181 [351 Theorem 2] and the same 
arguments as in [^HJ Lemma 6], we have 

2 

^Alx^l+O) X ^ASx^+O) — E ^ /L (Al+ri(A2))x(7 1 +7 2 +D)' (^H) 

i=o 

For jfe = 1, 2, r G Z 3 , ^ A 3 G and 7 3 G Z|, 

Vr ; , ,. (r) \ ~ / U ■ !> 



(A 3 ,7 3 +<5) 



J Z' ^OxhS+DlW A ~ /TN J / ' ^(0,7 3 +<5) 

Iyr ( ^3x C7 3 +D) J ( ^ 

^^^(Al.T 1 ) L (A2, 7 2)/ 5e _D V ^ L (Al,7!) L (A 2 ,7 2 ) 

^ Vi (Al,7l) VL (A2,72)/ 5eD V V i ( Al,7l) Ki (A2.7 2 )' 

as vector spaces by (|6.2|) and (|b.3|) . By ^TJ Proposition 11.9] and Proposition 
El 

dimcV | V+^CA^X^W+O) ) <dim C V I ^V+^^X^W+B) 

V L Al X (7 1 +D) L A2x(7 2 +D) / V -^fAl^l) L (A2,72) 



£ =1, (6 - 12) 

<5eD V V 1 ^ 1 ) L (A2,7 2 ) 
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for j = 0,1,2 



and 



dim c I V r 



Ox D \Vf 




W 



) 



< dime Iv T 




) '^(A2, 7 2)/ 

(6.13) 
,3 = 0,1,2. By 



for any irreducible VJ -module W ¥ Vl , 

J J^OxD ' ( A ^ + tj 

fl6~TH) - (l6~T3ll . we obtain (l6~7j) . 

The other formulas can be proved similarly. 



□ 



7 Modules of V, 



T 



Throughout this section, £ is an even positive integer. First, we study N- 
eraded weak VJ -modules with some conditions for a nonzero u G )C e . 



Recall that C(fi) is the /C-code generated by \i and r(/x) (cf. Section 2.2). 
7.1 Properties of VT -modules 



Let TC = Za©Z6©Zc be a free Z- module with basis a, 6, a For A = (Aj) G W f 
and e = (e«) G {1, — 1}^, set (A; e) = (eiAi, . . . , egXg). For S C {1, ...,£}, set 
5 = {i | 2 G*S}. For x,y E H and 5 C {1,...,£}, set ((x)s(y)s) = (*) G W 
by 



For s = !,...,£ and x,y EH, set ((ar) a (j/)/_.) = ((x){i,..., s }(y){s+i,...,i})- For 
j = a, 6, c, set = (j, • • • , j) G U l . 

For p = m a a + m b b + m c c E Tt, set (3(p) = m fl y + m^y + m c |. We 

use /3^(p) to denote the element /?(p) E Ti. in the s-th entry of 7Y® £ . For 



Pi, . . . , Pi G W, set /3(px, . . . ,p,) = Eti /? ( %*) and e(pi, . . . = e^Pw). 
Let W° = ©^lf°(i) be an N-graded weak VJ s -module. Let M° = 

©~ M°(z) be a VJ^-submodule of W^ such that M°(0) C W°(0). Assume 
that M° is isomorphic to V/, (A 0) for some nonzero A = (Ai, . . . , A^) G JC e . 
Set Sj(\) = {k = 1, . . . ,£ \ Afc = j} for j = a, b, c. 

Lemma 7.1. (1) Suppose X ^ T (c)e. Then, for all j = a,b,c, S C {1, . . . ,£} 
with 1 < \S\ < £/2, and e G {1, — 1} , we have 





(7.1) 
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(2) Suppose A ^ T (c)i or £ > 4. Then, for all e G {1, — l} e , we have 

^ /(/3((j).;6),/3(A))+£/2\ =a (72) 

j=a,b,c 



+ 1 



Proof. Let S be a subset of {1, . . . ,£} and set s = |5|. For u G ^l 0((o) )x0> 
we denote u + tu + r 2 u G VT by w r . We shall describe the action 

of e((c) £ ) T o e ((-c) 5 (c) 5 ) T on the top level of M°. Note that wt(e((c)*)) = 
wt(e((-c) 5 (c) s )) = £/2. We have 

e((c),r = e((c),) + C 8 £ e((a),) + C 8 2£ e((6),), 
e((-c) 5 (c)5) T = e((-c)5(c) fl ) + Cf +4s e((-«)s(«)s) + ge{{-b) s {b) s ) 
by (l2~TTJ) and so 

Y(e((c) e )\x)e((-c)s(c) s y 

P((c) t )(-k) 

fc=l 



oo 



+ C?^" 2 -)/ 2 • exp(£ ^M/)e((c + 2a) s (-c)*) 
fc=i 

+ C|V^)/ 2 ■ exp(f; m f- k) x k )e((c + 2bU-c)s)) T . (7.3) 
fc=i 

Note that 

as V7 e£ -rnodules. In this decomposition, since 

~ P((c) e )(-k) ^ 

k=l 

we have 

>((<•),)(-*•) 

k=l 



«P(E f V )e((0)s(2e) s ) 6 VW(W), 



X! 



£ x-^exp(^ /?((j) ! )( fc) x fc )e((0),( 2j ) g ) G ((*)). 



j=a,b,c k=l 



68 



Moreover, 



• exp(f; ma) f- k) x k )e((c + 2fl) s (-c) 5 ) 
fc=i 

+ C 8 5 V^)/ 2 ■ exp(f; m) f' k) x k )e((c + 2bM-c) s )) T G V^, 0) ((*)). 



fc 

fc=l 



Forp(x) = EnezPn x " andi e Z ' setp(x)| xI = p { . For p(z,y) = En.mez Pn m x n y 
and i, j G Z, set = Pij- Recall that 



i=0 ^ Z ' 8=0 ^ ^ ' 



wtu / ^ \ 

5^ ( • )(y(M,af)Ui-*u) 

i=0 ^ 2 ' 



o(«ot;) = y;( , K^K^U-^)^^ (7-4) 



for homogeneous tt, u G V with nonnegative weights. 

We need the following formulas on lattice vertex operator algebras. By 
[SHI Section 4], we see that the top level of M° is spanned by {e(A; e) | e G 
{1, —1}^} • For i — 0, . . . , £/2 and e G {1, — it follows from the definition 
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of the vertex operator Y(-,x) on Vt L ±\s>e (cf. j2Hl (6.4.68)]) that 



, ll ,r^exp(^ /3((c) l )( k) x k )e((0H2c) s ))\ Je(A;e) 
fe=i 21 



(x^exp(^ 



/9((cW(-*)_ fc 



fc=i 



(exp(^ 



X3 /3((c),)(- fe)^, 
fc 

fc=i 



**)) 



-x 



)e((0) s (2c) s )) i J j e(A;e 



-2s+l-i 



e((0) s (2c) 5 ) . e(A;e) 



( i 8((0)s(2c) s ),/3(A;6)> 



k=l j<0 
m=l 



Hi 



x e-i+l-2s ^-Z+i- 1 



OO ^ OO 



x exp(J^ 



fc=l j'=0 

/3((0) 5 (2c) s )(-m) 



((0)s(2c) 5 )(exp(£~^P_|W 



-;r 



m=l 



/;/ 



m \ 
1 J 



-£+ l -l-(/3((0) g (2c) s ),/3(A; £ )> 



e(A; 



e((0) 5 (2c) s )(exp(^^( J fc _ 1 

fe=l j=0 ^ 



m=l 



??? 



-£+i-l+2s 
-2 s -(/3((0)e(2c) s ),/3CA;e)> 



e(A;e). (7.5) 



Since (±A/2, ±/%/2) e {±1, ±1/2}, we have -2s - (/3((0) s (2c) s ), /3(A; e)) < 
0. Since the last side of (|7.5|) contains only terms with nonnegative exponent 
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of xi, it follows that 



CO 

o((*-^exp(]T 

k=l 



k 



x k )e((Q)s(2c)s)) i . e(A;e) 



= £(/3((0)s(2c) s )j3(A;e))=-2 s e((0)s(2c)s) 



x I exp 



(E 

fc=i 



-l) fc -Wc),)(0) . 



-l + i-l + 2s 



e(A;e) 



5 </3((0)s(c) s ),/3(A;6))=- S e((0)5(2c) 5 ) 



X 



cxp(^ 



fc=l 



= l)^(g((^) 1 g(A^) 



■ ' 



e(A;e). 



We also have 

^/2 



E 



i=0 



t/2\f ( ^ (-l) k - l mc)i),P(X;e)) _ k 

e P v ,2-, ^ 2 

fc=i 



A- 



2 ff) (exp((/J((c) ( ),/J(A; e)> £ t^)) 

i=0 ^ ' fc=l 



i=0 

^/2 



-^+i-l + 2s 



J-2s+l-i 



i=0 

^/2 



= E ( e { 2 ) ex p«/?(( c W> ^(^ e )> Ml + 



«-2s+l- 



^ ^/ 2> j (1 + X2 )0'((c)/),/J(A; e )> 



i=0 

1/2 

E 

i=0 



/-2s+l- 



£/2 



4(l + x 2 ) (/3(( 



c)/),/J(A;e)> 



£-2s+l 



(l+ar 2 ) 



(!3{(c) e ),p(\;e))+i/2 



£-2s+l 



(/?((c),),0(A;e)>+€/2 
£-2s + 1 



Note that ( ( 5(A 1 ),/5(A 2 ; e)> = (^(A 1 ; e), (3{\ 2 )) for A 1 , A 2 e /C* 
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By (J7£D and (|777jl . we obtain 

f/2 



°( E (?) (^' +2 *-P( E «^^)e((0) s (2c) s) ) | _>(A; e 

j=0 ^ ' fe=l 



/</3((c),;e),/3(A))+£/2\ 
= <J 03((o) fl (c) ff ; e ),/3(A))=-«( £_2s + l ) e ((°)s(2c)5)e(A;e). (7.8) 

Let pr M0 : W 70 -> M° be the projection. By (Q, (Q, (HU) and 
Theorem 12.71 in the case of < s < £/2 — 1, we have 

= WMO o(e((c) e y o e((-c)s(c) s y)e(\; e) 

ST a A/5((jke),/5(A))+£/2\ 
= 2^ %(o)sO')s;e),/3(A)),-s( £_ 2s + l ) e ((°)s(2j)5)e(A;e). 

j=a,b,c ' 

(7.9) 

In the case of s = £/2 — 1, we have 

= pr MO o(e((c) £ r ° e((-c) 5 (c) s ) T )e(A; e) 

V- x ({(3{{j) t -e),(3{\))+t/2\ 

= 2^ d </3((0)s(i) S ; £ ),/3(A)>,-f/2+l( g I 

j=a,b,c ' 

xe((0) 5 (2j)s)e(A;e) 

+ pr M0 ((C 8 7f e((c + 2a) s (-c) fl ) + Cf e((c + 26) 5 (-c) s )) r ) e(A; e). (7.10) 



In the case of s = £/2, we have 

= pr A/0 o(e((c)f) T o e((-c) 5 (c) s ) T )e(A; e) 
= E ^((o) 5 (2i) s;e )^(A)>^((/3(0')^e),/3(A)) +e/2)e((0)s(2j) s )e(\;e) 

j=a,b,c 

+ |pr M o ((C 8 7 'e((c + 2a) s (-c) s ) + e((c + 2%(-c) 5 )) T )^e(A; e) 
+ pr A /o((C 8 7 ^((a),)(-l)e((c + 2a) 5 (-c) s ) 

+ C 8 5 ^((&),)(-l)e((c + 2b)s(-c) s )) T )e(X; e). (7.11) 
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For u G V L w G V L define f(u,x)w = pr M o(Y(u,x)w). Then 



L (( C )f,0) ^(X,0) 



If £ > 4, then by taking 5 1 = in (|7.9j) . we have 

^ mo'ke),/3(A)>+£/2\ =a 



V * + 

j=a,b,c v 



Suppose A ^ T (c)^. By Proposition 15.41 dim c lyr ( L(A '°> ) = 0. 
Hence, in (|7.10j) and (|7.11|) we have 

= pr A/0 ((C 8 7£ e((c + 2a)s(-c) s ) + (! e e((c + 2%(-c) 5 )) T ) e(X; e), 

= ~pr M ° ((C 8 W e((c + 2a) § (-c)s + Cf e((c + 2&) 5 (-c) 5 )) r )^e(A; e) 

+ pr M o((C 8 7 ^((a)£)(-l)e((c + 2a) 5 (-c) 5 ) 

+ ^((&)/)(-l)e((c + 2b)s(-c) s )Y) e(A; e). 



Suppose 1 < s < £/2. Then, e((0)s(2a) s )e(A; e), e((0)s(2&) s )e(A; e), e((0) s (2c) s )e(A; e) 
are linearly independent. By (|7.9J) - (|7.11J) . we have 

for j = a, b, c. Taking S = in (|7.9j) . we have 

^ ^(/3((j),;e),/3(A))+£/2^ o 



j=a,b,c 



□ 



Remark 7.2. In the case of £ = 2, consider a vertex operator algebra 
Vr,-,, „ n - We see that Vr„,, „ is an irreducible VJ -module and 

that 

^ctMjxof 1 ) - ^(o,o) (!) © ^((c,c),0) 
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as V2©2-modules. Note that the top level of Vl ({c . 0) is a subspace of the top 
level of V Lc((cc))x0 (l). They are subspaces of (Vl c((cc))x0 )i- However, we have 



^2 mu,j)),P((c,c)))+2/2 



j=a,b,c 



(H(r.r)). l((c.c))) + f(P((k,k)),P((c,c))) + l 



3 I ^ \ 

' k=a,b 



1^0. 



Hence formula ()7.2|) does not hold in this case. 

Lemma 7.3. Assume that A ^ r (c)^. For j = a,b,c, the following assertions 
hold. 

(1) If 1/2 < \Sj(X)\ < £, then \Sj(X)\ = 1/2, \S k {\)\ = for all k ^ j, 
and \Sj(X)\ is even. Consequently, {(k)i, X)^ = for all k = a,b, c. 

c },k^j \ S k{X)\ is an even integer and, 

consequently, ((j)e,\)ic = 0. 

Proof. Suppose 1/2 < \Sj{\)\ < t. Take S C Sj(X) such that \S\ = 1/2 and 
set e = ( £i ) e {1, -l} l by 

-1 ifze^(A), 
1 otherwise. 

Then, (i3((0) s (j)s;e),i3(X)) = ~\3\ and by JZU, 

e), /5(A)) +£/2 
V £-2\S\+l 

l^(A)|-E fce{aAc}lMj l^(A)|/2 + ^/2 
£ - 2 • t/2 + 1 
= -|^(A)|- Y, l^*(A)|/2 + </2 

<-£/2- ^ |S fc (A)|/2 + £/2 

= - E i^( A )i/2<°- 
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Thus \Sj(X) \ = 1/2 and \S k (X)\ = for all k G {a, b, c}, k + j. By (TT21 . 

0= ^2 f(P(( k ht),m)+e/^ 



k=a,b,c 



-\s 3 (\)\ + e/2\ v f\Si(\)\/2 + e/2 

£+1 J ^ V ^ + 1 

\ +2 /^/ 4 + ^/ 2 



l/A + £/2 
£ + 1 

Hence |Sj(A)| = £/2 is even and consequently, ((k)i,X)jc = for k = a,b,c. 
Therefore, (1) holds. 

Suppose 1 < \Sj(X)\ < 1/1. Set e = (e*) G {-1, if by 

-1 ifie£j(A), 
1 otherwise. 

Then (/?((0) w (j)5,(A);e),/3(A)) = -|Sj(A)|. By (JUD, we have 

/(/3((j),;e),/3(A)>+£/2 
V *-2|S,(A)|+l 

\SiW\-Z k e {aM ^\Sk(X)\/2 + £/2 
£-2\S 3 (X)\ + l 

Since |^(A)|<£/2,E fce{aA c },fc^j l^( /V )l is an even integer. Hence ((j) e , X)k - 
0. This proves (2). □ 

Lemma 7.4. ((c) £, X)x = and wtjc(X) < £. 

Proof. First, we shall show that ((c)e, A)ac = 0. If A = T (c)e, then it is clear. 
Assume that A ^ T (c)e- We may also assume that (^(A)] = and < 
\S a (X)\, \S b (X)\ < £/2 by LemmaO If 1 < \S a (X)\, \S b (X)\, then \S b (X)\ = 
|5&(A)| + (^(A)! and (^(A)] = (^(A)] + |>5 C (A)| are even integers by Lemma 
17.31 (2). Hence, we have ((c) £, X)ic = in this case. 

Suppose (^(A)! = 0. Then |S&(A)| > since A ^ 0. Set e = (ej) G 
{-1,1}* by 

-1 ifzG£ 6 (A), 
1 otherwise. 
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Note that (H s *g)|+*/ 2 ) = since 1 < \S b (X)\ < B J 0> 



/ {(3{{kU e)j m) +£/ 2 



k=a,b,c 



\S b (X)\+£/2\ v (\S b (\)\/2 + e/2 
£+1 J ^ V ^+1 

S 6 (A)|/2 + £/2 
£ + 1 

Hence |S&(A)| is an even integer and consequently, ((c) i, X)/c = 0. In the case 
where |5&(A)| = 0, we can show that ((c)f, \)/c = similarly. 

Next, we shall show that wt^(A) < £. Suppose by way of contradiction 
that wt/e(A) = \S a (X)\ + \S b (\)\ + \S C (X)\ = £. 

Case 1. Suppose (^(A)! = £ for some j G {a,b,c}. Set e = (1, 1). For 
every k ^ j, we have 

(((3((k)f,e),P(\))+e/2\ = (-1/2 + 1/2 
V t+1 ) V 



However, 



0= ^ /(/5((%e),/3(A))+£/2\ = /£ + £/2\ Q 

k=a,b,c £ \ £ J 



by ()7.2p . This is a contradiction. 

Case Suppose (^(A)! < £ for all k = a,b, c. Then there exists j G {a, b, c} 
such that 1 < \Sj(X)\ < £/2 since A ^ 0. Set e = (e<) G {-1, 1} £ by 

-1 ifiG^-(A), 
1 otherwise. 



76 



Then (/3((0) w (j)s,(A);e),/3(A)) = — |^(A)|. By flUD, we have 

f((3((j) f ,e),f3(X))+m 
V ^-2|^-(A)| + 1 
-|^(A)|-E fce{0 A cWi l^(A)|/2+€/2 

£-2|5' J -(A)| + l 
-|5 J (A)|-(£-|5 J (A)|)/2 + £/2 
£-2|^(A)| + l 



-|^(A)|/2 
2|^(A)| + 1 



^0. 



This is a contradiction. 

Therefore, we conclude that wtAc(A) < £. □ 

Proposition 7.5. Lei /i = (fi k ) 6e a nonzero element of JC £ . Let W = 

®°Z W(i) be an N-graded weak V[ -module. Let M = ®°Z M(i) be an 
irreducible V£ me -submodule of W such that M(0) C H^(0). Assume that M 
is isomorphic to Vl (xo) for some nonzero A = (X k ) G JC e . Then (fi,X)ic = 
and \{k \ fi k ^ 0, X k ^ 0}| < wtjc(//). 

Proof. There exists g G Ge such that = ((c) r (0)^_ r ), where r = wtA;(/x). 
Consider a vertex operator algebra V? and a -module H^oo -1 

defined by W o g -1 = W as vector spaces and Y Wog -i(u, x) = Yw(g~ 1 u,x) 
for u G V7 . Note that M o q _1 is a V7m<>-submodule of W o o -1 which 

is isomorphic to V L(g(x)0) . Note also that (gn,g\) K = (fi, A)^, |{& | 7^ 
0,</(A) fc ^ 0}| = |{fc | fi h ± 0,A fc ^ 0}|, wt^(^) = wt K (n), and (Mo 
g~ r )(0) C (VF o (7 _1 )(0). Hence it is sufficient to show that (g(fi), g(X))ic = 
(((c) r (0) e . r ),g(X)) K = and \{k G {1, . . . ,r} | g(X) k ? 0}| < r for ^ 9(C{m))x0 
and a V7 -module Won 

L 9(CW)X0 



-1 



Consider a vertex operator algebra VJ . We identify it G VJ 

with u®l^ _r in VJ ■ Then V7 is a vertex operator subalgebra of 

^c( 9 ( M ))xo w ^ n different Virasoro element. Let g(Xp r > = (g(X)x, . . . , g(X) r ). 
By Lemma [731 we have ((c) r , g{\)( r ')jc — and wt)c(g(X)^) < r. Hence 
({{c) r {0)t- r ),g{X)) K = and \{k G {1, . . . , r} | ^(A) fc ^ 0}| < r. □ 

For any nonzero fi G /C £ , we have 

^" OCM)xo = ^ox D (o)e^ xfl 
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as VJ -modules. The following lemma will be used later. 

Lemma 7.6. Vl vn • Vl vn — V7 for any nonzero a G K l . 

Proof. We may assume that /i = ((c) r (0)^_ r ), r > for the same reason as in 
the proof of Proposition 17. 51 Then the assertion follows from ()7.3|) . □ 



7.2 Modules of VT 

^CxD 

For the remainder of this paper, C is a r-invariant self-dual /C-code of length 
£ with minimum weight at least 4 and D is a self-dual Z3-code of the same 
length. Moreover, C= T denotes the set of all orbits of r in C. Note that 

V LcxD (£) = V LQXD (e)® V LxxD , e = 0,l,2 
as l / £ 0xD -modules by Lemma f2. 171 

Lemma 7.7. Lei (iV 1 ,y 1 ) and (iV 2 ,y 2 ) fre irreducible V[ CxD -modules and 
let e G Z 3 . Suppose for each i = 1,2, t/iere zs a V^-submodule of N l which 
is isomorphic to V£,, 00 .(e). Then, N 1 and N 2 are isomorphic V[ CxD -modules. 

Proof. Let N be an irreducible V^ o -module. Suppose there is a V^r 
submodule of N which is isomorphic to Vl, 0) (e) • Since iV is an irreducible 
V£ ^-module, it follows from Proposition 16.31 that decomposes into a 
direct sum 



N = V L N 0xD (e)® VI 



AT 



of irreducible V7 -modules, where V T N (e) = V Ln ^ n (e) and V T N = Vl, n 
as VrJ oxi3 -modules (cf. Proof of Lemma I5~2*J) . Hence we may assume that iV = 
A^ 1 = A^ 2 as VJ -modules and Y x (u,x) = Y 2 (u,x) for all u G VJ . We 
shall show that (N, Y 1 ) and (N, Y 2 ) are isomorphic as V[ ^-modules. For 
any nonzero A G C= T , let pr yJV : JV -> V L ^ pr y/ v , x : A" — > V? (e), 

P\ XD : Vl 0xZ) -> ^axd- and P r VL 0xI5 (o) : ^ T CxC -> V LoxD (0) be projections. 
Let A 1 , A 2 , A 3 be nonzero elements of C= T . For i — 1, 2, w°, t>° G Vl OxD (0), u; G 
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v 3 e V L . , and w j G V T N ,7 = 1, 2, 3, set 



f 



AJxD 



■u , x)w = pr V N (Y\u ,x)w ), 



f i ' ( -°' x2 ' x3 \u°,x)w 2 = pr V N (Y i (u°,x)w 2 ), 



"X 3 xD 



L X'ixD 

f^^^{u\x)w 2 = pry, {£) (Y i (u\x)w 2 ), 
^ ,(a1 ' a2 ' a3) (w 1 ,x)v 2 = pr VL q jY\u l ,x)v 
h 



uVV-pry, (Y l (v?,x)v 2 ), 

L A3xD 
X :i xD 

h^ 1 > x2 >°\u 1 ,x)v 2 = pr v L m (Y\u\x)v 2 ). 



f 



i,(0,A 2 ,A 3 ), 



X 



f-( Al ' A2 -°)(.,x 

^( Al ' A2 ' A3 )(.,x 
fc*.(0,A^») ( . >a . 

^( Al '°' A3 )(.,X 
^( Al ' A2 '°)(.,X 



L OxD 



e I 



L OxD 



e I 



V7 



L OxD 



L OxD 



V, 



N 

AT 



N 

J \' A xD 



V LoxD (e) V L N 



\ 2 xD 



^\3xD 



A-L x -D J^OxD y ' 

Vl (e) 



\v Lxl _ V, 



N 



Vr 



A 3 x.D 
1 

l 

^A^xD 



A 2 x£> 



A 3 xD 



Vl x1xD V LoxD (0)J> 
Vl O x»(0) Y 
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For any (/i 1 , /x 2 , /i 3 ) not contained in 
{(A, A, 0), (A, A, A), (A 1 , A 2 , A 1 + r^(A 2 )) | A, A 1 , A 2 G \ {0}, A 1 ^ T A 2 }, 

we have f 1 ^ 1 ^ 2 ^) — /^OW 3 ) = g by Proposition 16.31 

Let A, A 1 , A 2 be nonzero elements of C= T such that A 1 ^ T A 2 . Note 
that V£ D is a vertex operator subalgebra of Yl CxD - By Proposition 16.31 

Lemma 17^ and the simplicity of V[ , we see that h^°' x \ h^ x '°\ h( X ' x > x \ 
and ^(A 1 , A 2 , A 1 + r j (X 2 )),j = 0, 1, 2 are not zero (cf. Proof of Lemma I5"2"|) . 
Note that by Proposition 16.31 and Lemma \7. 61 we have 

V LxxD ' V L XxD = V L XxD ■ (V XxD ■ Vl 0xD (s)) 

= (V XxD -V LxxD )-V» xD (e) 
= (V LoxD ^ + V LxxD )-V L N (e) 



N 
OxD ' 

AxD ' 



Since N is irreducible, it follows that f -( A - > A ), f .(a,a,o) ; ^,(a,a,a) j and fi,(x\x 2 ,x l +r- 
j = 0, 1, 2 are not zero by Proposition 16.31 (cf. Proof of Lemma l5.2j) . Hence 

for u x ,v x G V XxD , u xl G V\i x d, u x2 G V x * xD , w° G V L N QxD (e), w x G V£ xD , 



w x2 G V r N , we have 

L \ 2 X D^ 



Y V r (u x , x)v x = /i (A ' A ' 0) (u x , x)v x + /i (A ' A ' A) (u x , x)v 

L CxD 



Y vlcxD (u x \x)v x2 =J2h {Xl ' X2 ' X2+rHXl)) (u x \x)v x2 1 

j=0 

Y i {u x ,x)w° = f i ' {x '°' x) {u x ,x)w°, 

Y\u x , x)w x = f ' (A ' A - 0) (u A , x)w x + f ' (a ' a ' a) (m\ 2> a , 

F> a \*> A2 = ^Tf >V>*>*-^W\u x \x)w x \ (7.12) 

3=0 

By Proposition 16.31 

/ 2,(A,A,0) = a(A;A;0)/ l,(A,A,0) ) 
/ 2,(AAA) = a(A;0;A)/ l,(A,0,A) ) 
/ 2 I (A\^,A^^(Ai)) = a(A l ? A 2 ? A 2 + r i (Al))/ l > (ASA^^+^(A^)) ) (7^3) 
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for some nonzero a(\, A, 0), a(X, 0, A), a(A 2 , A 1 , A^r^A 2 )) G C and / 2 -(°^) = 

Let u,v & Vl XxD and u> G V^ xD (e). By the Jacobi identity and (|7.12|) . 
we have 

x^8(^^)(f^h^ 

= x^5(^^)(f^°\u,x 1 ) + f^(u,x 1 ))f^(v,x 2 )w 

- x^5(^±^) (r^°\v, x 2 ) + r^\v, x 2 )) r^\u, Xl ) w . 

Xq 

This implies the following two equations. 

x 2 1 8(^^)f^ \h^°\u,x )v,x 2 ) 
x 2 

= x^5(^^)f^°\u, xjf'^iv, x 2 ) 

Xq 

-x^5(^±^)r^°\v,x 2 )r^\u,x 1 ), (7.14) 
x 

x -i §{ ^^ )f i,(x,o,x ){h ( W){Uj Xq) X2) 
x 2 

= x^6(^^)f^\u,x 1 )r^\v,x 2 ) 
x 

-x^S^^)^^)^^). (7.15) 

X 

Since f 1 ^ ) = p>(o,o,o)^ it follows f rom QTJfy and (|7~Tll that 

a(A,A,0)a(A,0,A) = 1. (7.16) 

Now, we denote 

r^°> x \ u ,x) = ^/:- (w) w^ 1 . 
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By ljTT3t and (17^1) . 

x 

-l 5 (^i^) / 2,(A,0,A) (/l (A,A,A) (M?a;o)t;)X2)w 



x 2 

a(X, 0, A)x 2 -^( Xl ~ Xo )f 1 ^°' x \h (x ' x > x \u, x )v, x 2 )w 

X 2 



a(A, 0, A) * - ^(^ — ^ )/ i,(a,a,a) (l|> ^^(W) (V| X2 ) W 



-lj^ ^i f i,(a,a,; 

- a(X, 0, X)x^8( ~ X2 + Xl )f^ x \v, x 2 )f^°' x \u, Xl )w 
x 

= x 1 5(^^)f^ x \u,x 1 )f^ x \v,x 2 )w 
x 

-x^5(^±^)f^ x \v,x 2 )f^°' x \u,x 1 )w. 

X 



Hence 



Xo X 5(— — —)f iXX ' X ' X) {u, x 1 )f^°' x \v, x 2 )w 

Xq 

Xq 

= x 2 1 5(^^)f^ x \h^ x \u,x )v,x 2 )w. 
x 2 

for i = 1,2. Using the same arguments as in [321 Lemma 3.12], we have 
f ^ ){u)f ux M{v)w = f ijx M{u)f HX,o» {v)w 

for all m, n G Z. Since (iV, "K 2 ) is irreducible, 

V LxxD = span c {f^ x >°> x \v)w\ve V LxxD ,me Z} 

for any nonzero w G Vl 0xD (s). Hence we have 

y?l,(A,A,A) = J2,(A,A,A) ^ 17 ) 
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Let u 1 G Vl xl D , u 2 G 2 D , and w G ^ / l^ xD ( £: )- By the Jacobi identity 
and (|7.12|) . the following equation holds. 

- M( — + Xl ) ( y fw^ww, x 2 )))f i ^ xi \ u \ x 1 ) w . 
U 

Note that X 2 + T j (X 1 ) = T \ 1 + T - i (\ 2 ) and A x + r«(A 2 ) ^ A^r^A 2 ) for 
j\ ^ j 2 (mod 3). Hence 



1^(^ l_^ )/^ , (A l +rJ(A2) ,0,A 1+ ^(A 2 )) ( ^(A^A^A 1+ ^(A 2 )) (u l^ o)M 2 );r2)w 
X 2 

= x -l 6i ^l^ )r XX\X^X^^ ) ) iu ^ Xi)r ^O^ ){u 2^ 2)w 

x 

- Xo l 5 C X2 + gl )/*,(A a ^^^)) (Ti a X2)/ i,(ASo,^)^i ; )w 

(7.18) 

for j = 0, 1, 2 by (|7.13|) . Thus we have 

a(A\ A 2 , A 2 + r J '(A 1 ))a(A 2 , 0, A 2 ) = a(A x + r J '(A 2 ), 0, A 1 + r J (A 2 )). (7.19) 

for j = 0, 1, 2. Define a linear map : N — > N by 

0(u°)=u°, 0(m a ) = a(A,0,A)w A 

for m° G V^ oxD {e) and w A G Vg xfl , ^ A G C= T . Using (|71^ . (T7T7I) . and 
([7.19)1 . it is possible to show that is an isomorphism of V^ CxD -modules from 
(N, Y 1 ) to (N, Y 2 ). The proof of Lemma 17.71 is complete. □ 

Proposition 7.8. Let N be an N-graded weak V[ c ^ D -module which has a 
V[ &e -submodule isomorphic to Vl (A7) for some nonzero A G K} and 7 G Z|. 
TTien i/iere exzsfo a V^-submodule M of N which is isomorphic to Vl {00) (s) 
for some e G Z 3 . Consequently, there exists a V[ oxD -submodule of N which 
is isomorphic to Vl 0xD (s). The V[ c D -submodule of N generated by M is 
isomorphic to Vl CxD (s). 



S3 



Proof. Let W 1 be an irreducible V^-submodule of A" which is isomorphic 
to Vr,,. , for a nonzero A G K l and 7 e Zn. Since iV is a VT -module, 7 G 
Z}- 1 = L> by Theorem 16.21 and consequently, there exists a Vj^-submodule 
W 2 of A" which is isomorphic to Vl {x 0) • 

Suppose for any e G Z 3 , there is no V^ e< -submodule of A" which is isomor- 
phic to V L{00) (e). Let A^ 1 = ©^ l i A^ 1 (n) be the V2 Cxo -submodule of A" gener- 
ated by W 2 . Note that every irreducible V^-submodule of A^ 1 is isomorphic 
to Vl x1 for a nonzero A 1 G K by Proposition 16.31 and the assumption. 

Let M = (B™ =0 M(n) be an irreducible V7®£-submodule of A^ 1 such that 
M(0) C A^ 1 (0). There exists a nonzero v G JC e such that M is isomorphic to 
Vl, 0) as V^-modules. For any \i G C, we have (/i, z/)^ = by Proposition 
17.51 since A^ 1 is a V7 )xo -module. Hence we have v G C L = C. By Proposi- 
tion [731 w tAc( zy ) = |{& I v k 7^ 0, z/ fc 7^ 0}| < wtjc^u). This is a contradiction. 

Hence there exists an irreducible V^-module M which is isomorphic to 
V L ®i{e) for some e G Z 3 . By Propositions 15.31 and Theorem 16.21 the Vl 0xD - 
submodule of A" generated by M is isomorphic to Vl 0xD (s). 

Let A^ 2 be the V L r CxD -submodule of A" generated by M. By Proposition 

N 2 = V LoxD (e)® V LxxD 

0^A£C= T 

as V2 0xD -modules (cf. Proof of Lemma f5.2j) . Since any nonzero V[ sub- 
module of A^ 2 must contain Vl oxd (e) by the above argument, A^ 2 is irre- 
ducible. By Lemma l7.7t A^ 2 is isomorphic to Vl Cx d( £ ) as ^l^ x±J -modules. □ 



Proposition 7.9. Let N be an N-graded weak V[ CyD -module. Suppose N 
" V£ me submodule M which is isomorphic to V^(r*)[e] for some r\ G Z3 



and e G Z 3 . T/ien M is a V[ CyD -submodule of N which is isomorphic to 

Proof. Note that the V^^-submodule of A" generated by M is isomorphic 

to V^'° D (r*)[e] by Theorem O 

Take any nonzero A G C and consider a vertex operator subalgebra 
VJ of V7" . Let A^ 1 be the VJ -submodule of A" generated by M. 
Note that for E\ G Z3 with e\ 7^ e, the difference of the minimal eigenvalues of 
oj\ in V LoxD (r l )[£i] and in V L ' D \Tj\^\ is not an integer, where u is the Vira- 
soro element of V[ o D . By Theorem l6.2l and Proposition ^. 31 A^ 1 = (BjejM^ 



84 



as V2 0xD -modules, where each AP is isomorphic to ^L^ xD i T ' l )[ e \- We can take 
M jl = M for some ji G J. 

For each j G 3 , let <pj : M J — > ^L^ D i Tl )[ e \ be an isomorphism of V£ - 
modules and let pr^ : N 1 — > M J be a projection. 

We want to show that \J~\ = 1. Suppose J7" contains at least two elements 
and take j 2 G J,j 2 ^ ji- For any j G J ', f G V^ AxD , and u> G M, define 

/>,a> = ^-(pr^fo *)«;)). Then, G A? ( ^^o^^.,) • Note 

that at most one f,- is not zero since dime Iv r ( iox£ ^ n ) = 1 (cf. 

Proof of Lemma 5.6]). Since N 1 is generated by M, we have fj 2 ^ 0. 
Consequently, J = {ji, j 2 } and fj ± = 0. Namely, 

AT 1 = M h © M h 

and V LxxD ■ M jl = M j2 . 

For any k = 1,2, v G Vx AxD , and w G M- 72 , define f 2 j k (v,x)w = 

<P h (jx Jh 0r N (v,x)w)). Then, / 2 , ifc G I v , ( ^r'lj- 
By Lemma [7.61 we have 

V LxxD ■ M j2 = V LxxD ■ (V LxxD ■ M jl ) = (V LxxD ■ V LxxD ) ■ M jl 
= ( V l 0xD © Vl AxD ) " M^ 1 = M- 71 © M j2 . 

Hence f 2 j 1 and / 2j2 are linearly independent (cf. [SHI Proof of Lemma 5.6]). 

V T '° (V*)[e] 

This contradicts the fact that dim<r-/i/ T ( L ° yI ln ) = 1- 

Hence M is a -submodule of iV. By Theorem 13.121 and Theorem 

16.21 V^ xD (r l )[e) = V^° n (r l )[e) as - modules. Using the same argu- 

ments as in |2HJ Lemma C.2], we can show that any irreducible V[ D -module 

which is isomorphic to '^L^ xD i T% )[ e \ as ^ / L 0xD " m °dules must be isomorphic to 

V Lcxd [ £ ] • Hence M is isomorphic to V££ (r*) [e] . □ 

Theorem 7.10. Let C be a r -invariant self-dual JC-code of length £ with 
minimum weight at least 4 and let D be a self-dual Z 3 -code of the same length. 
Then Vl Cx d ^ s a s ^ rn P^ e > rational, C 2 -cofinite, and CFT type vertex operator 
algebra. There are exactly 9 equivalence classes of irreducible V[ c ^ D -modules 
which are represented by the following ones. 
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4 CxD (e),e = 0,l,2. 



(2) V™(T*)[e],i = 1,2 )£ =0,1,2. 



Proof. It is clear that D is of CFT type. The simplicity of V^ G D is 
already mentioned. Since V£ D is a direct sum of finitely many irreducible 
VJ -modules, VJ is Co-cofinite by El. The classification of irreducible 
V[ c ^ D -modules follows from Propositions 17.81 and 17.91 

We shall show that VJ is rational. Let N be an N-graded weak VJ 

J-'CxD & L CxD 

module. Let M be the sum of irreducible VJ -submodules of N which are 

isomorphic to any of Vl 0xD (b), V^ D (T l )[e], e G Z 3 , i = 1,2. We denote 
by W the V£ ^-submodule of N generated by M. By Propositions 17.81 and 
17.91 W is a completely reducible V£ ^-module. If the V^" -module N/W 
is not zero, then N/W has a V^^-submodule which is isomorphic to one 

of Vl 0xD (z), V^^T^le], e e Z 3 , i = 1,2 by Propositions EU and EU This 
contradicts our choice of W. Hence N/W = and consequently, iV = W. 
This implies that V£ is rational. □ 

Remark 7.11. In [24J, it is shown that there exists a /C-code C of length 12 
and a Z 3 -code D of the same length, which satisfy the conditions in Theorem 
17.101 and such that Lq x d is isomorphic to the Leech lattice A. In this case 
r corresponds to a unique fixed-point-free isometry of A of order 3 up to 
conjugacy (cf. j^j). Hence, as a special case of Theorem 17. 101 we obtain the 
classification of irreducible modules, the rationality, and the C2-cofiniteness 
for VJ. 

Remark 7.12. For t = 4, let C and D be a /C-code and a Z3-code with 
generating matrices 



(a a 0\ 

6 6 

a a 

\0 b bj 



1110 
1-10 1 



respectively. It is clear that C is r-invariant self-dual and D is self-dual. 
Then the lattice L 0x d is a v2 (E'g-lattice) and L Cx d is an _E 8 -lattice. Note 
that D is the [4, 2, 3] ternary tetra code. 

We can not apply Theorem 17.101 to Vl CxD since the minimum weight of 
C equals 2. 
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